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ELLIPTIC HYPERGEOMETRY OF 
SUPERSYMMETRIC DUALITIES 

V. P. SPIRIDONOV AND G. S. VARTANOV 

Abstract. We give a full list of known Af = I supersymmetric quantum field theories re- 
lated by the Seiberg electric-magnetic duality conjectures for SU{N), SP{2N) and G2 gauge 
groups. Many of the presented dualities are new, not considered earlier in the literature. For 
all these theories we construct superconformal indices and express them in terms of elliptic 
hypergeometric integrals. This gives a systematic extension of the related Romelsberger and 
Dolan-Osborn results. Equality of indices in dual theories leads to various identities for elliptic 
hypergeometric integrals. About half of them were proven earlier, and another half represents 
new challenging conjectures. In particular, we conjecture a dozen new elliptic beta integrals on 
root systems extending the univariate elliptic beta integral discovered by the first author. 
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1. Introduction 



The main goal of this work consists in merging two fields of recent active research in mathe- 
matical physics — the Seiberg duality in supersymmetric field theories [75, 76] and the theory of 
elliptic hypergeometric functions [85] . Seiberg duality is an electric- magnetic duality of certain 
four dimensional quantum field theories with the symmetry group Gst x G x F, where the su- 
perconformal group Gst = SU{2, 2|1) describes properties of the space-time, G is a local gauge 
invariance group, and F is a global symmetry flavor group. Conjecturally, such theories are 
equivalent to each other at their infrared fixed points, existence of which follows from a deeply 
nontrivial nonpcrturbative dynamics [47, 79]. 

The simplest topological characteristics of supersymmetric theories is the Witten index [99] . 
Its highly nontrivial superconformal generalization was proposed recently by Romelsberger [72, 
73] (for J\f — 1 theories) and Kinney et al [49] (for extended supersymmetric theories) . These 
superconformal indices describe the structure of BPS states protected by one supercharge and its 
conjugate. They can be considered as a kind of partition functions in the corresponding Hilbert 
space. Starting from early work [80, 95], it is known that such partition functions are described 
by matrix integrals over the classical groups. The central conjecture of Romelsberger [73] claims 
the equality of superconformal indices in the Seiberg dual theories. In an interesting work [26], 
Dolan and Osborn have found an explicit form of these indices for a number of theories and 
discovered that they coincide with particular examples of the elliptic hypergeometric integrals 
[89]. This identification allowed them to prove Romelsberger's conjecture for several dualities 
either on the basis of known exact computability of these integrals or from the existence of 
non-trivial symmetry transformations for them. 

The general notion of elliptic hypergeometric integrals was introduced by the first author in 
[81, 83]. First example of such integrals discovered in [81] has formed a new class of exactly 
computable integrals of hypergeometric type called elliptic beta integrals. Such a name was 
chosen because these integrals can be considered as a top level generalization of the well-known 
Euler beta integral [1]: 



where r(x) is the Euler gamma function. Elliptic hypergeometric functions generalize known 
plain hypergeometric functions and their g-analogues [1]. Moreover, their properties have clar- 
ified the origins of many old notions of the hypergeometric world [82]. Limits of the elliptic 
hypergeometric integrals (or of the elliptic hypergeometric series hidden behind them) matched 
with the elliptic curve degenerations brought to light new types of ^-hypergeometric functions 
as well [66, 67] (see also [10]). 




Re a, Re/3 > 0, 



(1.1) 
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In the present work (which was initiated in August 2008 after the first author has known 
[26]), we extend systematically the Romelsberger and Dolan-Osborn results. More precisely, we 
present a full list of known M = 1 superconformal field theories related by the duality conjecture 
for simple gauge groups G = SU{N), SP{2N), G2- For all of them we express superconformal 
indices in terms of the elliptic hypergeometric integrals. Using Seiberg dualities established 
earlier in the literature (see references below) we come to a large number of identities for eUiptic 
hypergeometric integrals. About half of them were proven earlier, which yields a justification of 
the corresponding dualities. A part of the emerging relations for indices was described in [26], 
and we prove equalities of superconformal indices for many other dualities. Another half of the 
constructed identities represents new challenging conjectures requiring rigorous mathematical 
proof. We give indications how some of them can be proved with the help of hypergeometric 
techniques. 

Remarkably, from known relations for elliptic hypergeometric integrals we find many new 
dualities not considered earlier in the literature. Thus we describe both new elliptic hypergeo- 
metric identities and new Af — 1 supersymmetric theories obeying an electric- magnetic duality. 
In particular, we conjecture more than ten new elliptic beta integrals on root systems, which 
extend the univariate elliptic beta integral of [81]. 

Analyzing the general structure of all relations for integrals in this paper, we formulate two 
universal conjectures. Namely, we argue that for the existence of a non-trivial identity for an 
elliptic hypergeometric integral it is necessary to have a so-called totally elliptic hypergeometric 
term [82, 86, 90]. The second conjecture claims that the same total ellipticity (and related 
modular invariance) is responsible for the validity of 't Hooft anomaly matching conditions 
[40], which are fulfilled for all our dualities (the old and new ones). 

A detailed consideration of the multiple duality phenomenon for G = SP{2N) gauge group 
case and a brief announcement of other results of this work were given in paper [91]. Our results 
were reported also at IV-th Sakharov Conference on Physics (Lebedev Institute, Moscow, May 
2009), Conformal Field Theory Workshop (Landau Institute, Chernogolovka, June 2009), XVI- 
th International Congress on Mathematical Physics (Prague, August 2009), and about ten 
seminars at different institutes. We thank the organizers of these meetings and seminars for 
invitations and kind hospitality. 

2. General structure of the elliptic hypergeometric integrals 

We start our consideration from the description of the general structure of elliptic hyperge- 
ometric integrals. For any x e C and a base p e C, |p] < 1, we define the infinite product 

OD 

{x;p)oo = JJ(1 - V). 

j=0 

Then the theta function is defined as 

e{x;p) = {x;p)ooipx~^;p)oc: 
where x e C*. This function obeys the symmetry properties 

9{x~^;p) = 9{px;p) = —x~^9{x;p) 

and the addition law 

9{xw^^,yz^^;p) — 9{xz^^ ^yw'^^-jp) — yw~^9{xy^^,wz^^;p), 
where x,y,w,z e C* and we use the convention 

9{xi,...,Xk;p) := 9{xi;p) ...9{xk;p), 9{tx^^;p) := 9{tx,tx~'^;p). 
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The Jacobi triple product identity for the standard theta series yields 

For arbitrary g G C and n G Z, wc introduce the elliptic shifted factorials 

rn-l 



9{x;p;q)n : = 



Y[j=o ^(^'^'''^P)^ for n > 0, 
117=1 0{xq~^;p)~^, for n < 0, 

with the normalization 9{x;p; q)o — 1. For p = we have 9{x; 0) — 1 — x and 

0{x; 0; q)„ = {x; q)„ ^ {1 - x){l - qx) ■ ■ ■ {1 - q'^'^x), 

the standard gf-Pochhammer symbol [1]. 

For arbitrary m G Z, we have the quasiperiodicity relations 

e{p^x;p)^{-xr^p-'^e{x-p), 

I mfc(fc — 1) fcm(m— 1) 

e{p"'x;p; q)k = {-xY'^'^q —p ^ e{x;p;q)k, 

mfc(fc-l) mfc(fc-l)(2fc-l) mfc(fc-l) ^ m(2fc-l) -, s 

6'(a;;p;j9™g)fc = (-x) 2 g « p 4 ^ 3 >e[x;p;q)k. 
We relate bases p, g and r with three complex numbers wi,2,3 G C in the following way 

27ri^ 2TTi^ 

q — e "^2^ p — e '^^ , r — e "^i. 
Their "r — > — l/r" modular transformed partners are 

g = e '^1 , p = e "3 , r = e "3 . 

Modular parameters ri = uji/uj2, T2 = ujs/uj2, T3 = cus/cui define three elliptic curves constrained 
by the condition T3 = T2/T1. 

Elliptic gamma functions are defined as appropriate meromorphic solutions of the following 
finite difference equation 

/(ii + a;i) = %2'^™/'^^p)/H, ueC. (2.1) 
Its particular solution, called the standard elliptic gamma function, has the form 



00 



f{u) = r{e'^'^f^^;p,q), r{z;p,q) = J] ^ /I'^f^^ (2-2) 

j,k=0 

where |g|, |p| < 1,-2 G C* (note that the equation itself does not demand |g| < 1). For in- 
commensurate u!i,2,3, it can be defined uniquely as the meromorphic solution of (2.1) satisfying 
simultaneously two more equations: 

f{u + 002) = f{u), f{u + CO,) = 9{e^-'^'---q)f{u) 

and the normalization condition /(^^=i<^fc/2) = 1- 
The modified elliptic gamma function has the form 

G{u;u:) = r(e^'''"2;p, g)r(re~^'""r;g, r). (2.3) 

It defines the unique simultaneous solution of equation (2.1) and two other equations: 

0{e -1 ; q) 
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with the same normahzation condition fiYl^^iOJk/'^) = 1- Here the third equation can be 
simphfied using the modular transformation for theta functions 

9{e'~^'''^i-q) = e'^^^^-^("l'"^''^^)^(e^''^^;g), (2.4) 

where 

B2,2{U\UJI,U2) = lu -{Ui + U2)U^ \ — 

Ct'iCt'2 \ z y 

is the second Bernoulh polynomial. These statements are based on the Jacobi theorem stating 
that if a meromorphic (f{u) satisfies the system of equations 

(p{u + Ui) = (p{u + U2) = ^{u + UJ3) = (p{u) 

for a;i,2,3 G C linearly independent over Z, then v'(m) = const. The restricted values of bases 
pu _ n,m & Z (or, equivalently, r" = or f" = p™) may be called the torsion points, 
since the Jacobi theorem fails for them. 
The function 

G{u;uj) = e-^^3'3("l'^)r(e"'"'^;f,p), (2.5) 

where |f| < 1 and 



,2 3 




B3 2{u\uJi,UJ2,UJ3) = i --^y^^^k 

UJ1UJ2UJ3 y ^ t^l 

l<i<fe<3 / \fe=l / l<j<fe<3 

is the third Bernoulli polynomial, satisfies the same three equations and normalization as func- 
tion (2.3). Hence they coincide, and this fact yields one of the SL{3; Z)-group modular trans- 
formation laws for the elliptic gamma function. Prom the expression (2.5) it is easy to see that 
G{u;uj) is a meromorphic function of u for 0J1/U2 > 0, i.e. when |g| = 1. The region |g| > 1 is 
similar to |g| < 1, it can be reached by a symmetry transformation. 

The theory of generalized gamma functions was built by Barnes [2] . Implicitly, the function 
r{z;p,q) appeared in the free energy per site of Baxter's eight vertex model [3] (see also [96] 
and [28]) - exactly in the form which will be used below in the supcrconformal indices context. 
A systematic investigation of its properties was launched by Ruijsenaars in [74]. Its 5*17(3, Z)- 
group transformation properties were described in [28]. The modified ("unit circle") elliptic 
gamma function G{u;u) was introduced in [83] (see also [21]). Both elliptic gamma functions 
are directly related to the Barnes multiple gamma function of the third order [31, 83]. 

In terms of the r{z;p, g)-function one can write 

r(,Tg";77,g) 
T{x;p,q) 

The short-hand conventions 

r{ti, ...,tk;p, q) := r{ti;p, q) ■ ■ ■ V{tk;p, q), 

r{tz^^;p,q) :^r{tz;p,q)r{tz-';p,q), r{z^'';p,q) :^ r{z';p,q)r{z-'';p,q) 

are used below. The simplest properties of r{z;p, q) are: 

• the symmetry r{z;p,q) — r{z;q,p), 

• the finite difference equations of the first order 

T{qz;p, q) = e{z;p)r{z;p, q), T{pz;p, q) = e{z; q)T{z;p, q), 
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• the reflection equation 

T{z;p,q)T{pq/z;p,q) = 1, 

• the duphcation formula 

r{z';p, q) = r{z, -z, q'/'z, -q'/'z,p'/'z, -p'/'z, {pqf'^z, -{pqf'^z-p, q), 

• the limiting relations 

lim r(2;;p, g) = r — , lim{l — z)r{z;p,q) 



Definition 1. [82, 90] A meromorphic function f{xi, . . . , Xn]p) ofn variables Xj e C*, which 
together with p e C compose all indeterminates of this function, is called totally p-elliptic if 

fipXi, ...,Xn;p) = ... = f{xi, . . .,pXn]p) = f{xi, . . .,Xn;p), 

and if its divisor forms a nontrivial manifold of the maximal possible dimension. 

Note that here positions of zeros and poles of elliptic functions are considered as indetermi- 
nates (i.e., they are not fixed in advance). 
Consider n-dimensional integrals 



i{y 



y^) = / A(xi, . . . , x„; yi, . . . , y„) _Q — , 



where D C C" is some domain of integration and A(xi, . . . , yi, . . . , y^) is a meromorphic 
function of Xj and y^, where y^ denote the "external" parameters. 

Definition 2. [83] The integral I{yi, . . . ,ym',P,q) is called the elliptic hypergeometric inte- 
gral if there are two distinguished complex parameters p and q such that I's kernel A(a;i, . . . , 
x„; yi, . . . , y^; P, q) satisfies the following system of linear first order q-difference equations in 
the integration variables Xj : 

A{...qxj...;yi,...,ym;p,q) _ , _ _ , 

A{xi, . . .,Xr,;yi, . . .,y„,;p,q) 

where hj are some p-elliptic functions of the variables Xj, 

hj(...pxi...;yi,..., y^; q;p) = hj(xi, . . . , yi, . . . , y^; q;p). 

The kernel A is called then the elliptic hypergeometric term, and the functions hj{xi,..., 
Xn; yi, . . . , ym] q] p) —the q- certificates. 

This definition is not the most general possible one of such kind, but it is sufficient for the 
purposes of the present paper. The elliptic hypergeometric series can be introduced as sums 
of residues of particular sequences of poles of the elliptic hypergeometric integral kernels [19] 
and, because of the convergence difficulties, they are less general than the integrals. In the one- 
dimensional case, n — 1, the structure of admissible elliptic hypergeometric terms A can be 
described explicitly. Indeed, any meromorphic p-elliptic function f{px) — f{x) can be written 
in the form 

fe=i V « j/^; ^^-^ ^^-^ 
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where z,ti, . . . ,tN,wi, . . . ,Wn are arbitrary complex parameters. The positive integer N is 
called the order of the elliptic function, and the linear constraint on parameters - the balancing 
condition. From the identity 

9{zx,px;p) 



z — 



9{pzx, x;p) 

we see that z is not a distinguished parameter - it can be obtained from tk and Wk by appropriate 
reduction without spoiling the balancing condition. Therefore we set 2; = 1. 
Now, for \q\ < 1, the general solution of the equation A.{qx) — fp{x)A{x) is 



^ r{tkX]p,q) TT^(«fca;;g) ^ ^ 



where <^{qx) = (p{x) is an arbitrary g-elliptic function. However, since 

/ ^ ^ TT T{pakX,bkx;p,q) 
IJ[ r{akx,pbkx;p,q)' 

one can obtain ^p{x) from ratios of F-functions after replacing by + 2M and appropriate 
specification of the original parameters tj. and Wk with the balancing condition preserved. 
Therefore we can drop (p{x) function and find that the general elliptic hypergeometric term for 
n — 1 has the form: 

. / . , \ TT ^itkx;p,q) ^ tk 

A{x;ti, . . . ,tN:Wi, . . . ,WN;P:q) = I I r, II — = 1. 

fj^r{wkx;p,q) fJ^Wk 

This function is symmetric in p and q, i.e. we can repeat the above considerations with these 
parameters permuted. Then, for incommensurate p and q (i.e., when p' 7^ q^, j,k G Z), the 
equations 

A{qx) = fp{x)A{x), Aipx) = fg{x)A{x) 

determine A(x) uniquely up to a multiplicative constant. 
For |g| > 1, 

A( + + ^ TT r(g 'wkx;p,q ') -p-r tk 

For \q\ = 1, the requirement of meromorphicity in x is too strong. To define integrals in this 
case one has to use the modified elliptic gamma function G{u;uj), or modular transformations, 
which we skip for brevity. 

In analogy with the series case considered in [82], it is natural to extend the notion of total 
ellipticity to elliptic hypergeometric terms entering integrals 



Definition 3. An elliptic hypergeometric integral 

I{yi,...,ym;p,q) = / A{xi, . . . ,Xn;yi, ■ ■ ■ ,ym;p,q)[[ — 



is called totally elliptic if all its kernel's q- certificates hj{xi, . . . , yi, . . . , y^; q;p), j — 1, . . . , n+ 
m, are totally elliptic functions, i.e. they are p-elliptic in all variables xi, . . . , yi, . . . ,ym and 
q. In particular, 

hj{xi, . . . , yi, . . . , ym] pq; p) ^hj{xi,..., x„; yi, . . . , ym] p)- 
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Theorem 1 (Rains, Spiridonov, 2004). Given — >■ Z maps e{m^"-^) = e{m^i \ . . . ,mn^] 



a — 1, . . . , M, with finite support, define the meromorphic function 

M 

A{x,,...,Xn;p,q) = llT{xf'xf\..x^-';p,qf"^'^'l (2.6) 

a=l 

Suppose A is a totally elliptic hyper geometric term, i.e. its q-certificates are p- elliptic functions 
of q and Xi, . . . ,Xn. Then these certificates are also modular invariant. 



The proof is elementary. The ^'-certificates have the explicit form 
The conditions for hi to be elliptic in Xj yield the constraints 

M 

J2 e(m('^))mf = 0, (2.7) 

a=l 

M 

^e(m("))mf^^"^ = (2.8) 

a=l 

for 1 < i,j,k < n. The conditions of ellipticity in q add one more constraint 

M 

^e(m("Vf^ = 0. (2.9) 

a=l 

The latter equation guarantees that hi has an equal number of theta functions in its numerator 
and denominator. The modular invariance of hi follows then automatically from the trans- 
formation property (2.4). Such a direct relation between total ellipticity and modularity was 
conjectured to be true in general in [82]. 

The simplest known nontrivial totally elliptic hypergeometric term corresponds to n = 
6, M = 29 and has the form [86] 

, , , Y[U^{h^^\tfY[Uu;p.q) 

Aix: ti, . . . , t^; p, q) — i . 

^ ' n^^MiLux^^;p,q)ni<^^,<,mr,p,q) 

Theorem 2. [81] Elliptic beta integral. For \p\, \q\, \tj\ < 1, 1 11^=1 < \pq\> one has 

(p;p)oo(?;g)oo /" . . ^ ^ .d^- 



[ A(a;;ti,...,t5;p,g)— = 1, (2.10) 



47ri 

where T is the unit circle with positive orientation. 

The Eulcr beta integral evaluation formula (1.1) lies at the bottom of this identity. On the 
corresponding degeneration road one finds many interesting integrals, including the Rahman 
and Askey- Wilson g-beta integrals [1]. Formula (2.10) served as an entry ticket to the large 
class of new exactly computable integrals discussed in [19, 20, 21, 65, 83, 93], which is essentially 
extended by the conjectures presented in this paper. In [83, 85, 87] the elliptic beta integral 
was generalized to an elliptic analogue of the Gauss hypergeometric function obeying many 
classical properties. For a survey of this function and its generalizations to higher order elliptic 
hypergeometric functions and multiple integrals on root systems, see [89]. 

Two totally eUiptic hypergeometric terms associated with the eUiptic beta integrals of type 
I on root systems SC„ [20] and [83] were constructed in [86]. One more similar example 
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for the root system An was built in [93] . Some time ago, using the combination of techniques 
introduced in [86] and [69] , the first author has further gencrahzed the former two terms to an 
arbitrary number of parameters [90] . For instance, define the kernel 

and the type I SC„-elliptic hypergeometric integral: 



where \tj\ < 1 and U^Zt^'^^Uj = {pq)"'+\ 

Theorem 3. [65] For \pq\^^'^ < \tj\ < 1, the integrals satisfy the relation 

it\t,, W2n.+4) = n q) 4"^ T^^) ■ (2.11) 



This is an elliptic analogue of the symmetry transformation for some plain hypergeometric 
integrals established by Dixon in 



Theorem 4. [90] The ratio 

is the totally elliptic hypergeometric term. That is all ratios p(. . . , qv, . . .)/ p{. . . ,v, . . .) for 
V e {zi, Zn,yi, . . . ,ym, ti,..., t2n+2m+4} are p-elliptic functions of all variables Zi, yk, U, 
and q. 

The term p(z, y\ t; p, q) contains elliptic gamma functions with non-removable integer powers 
of in the argument. Therefore the ansatz (2.6) does not cover all interesting totally elliptic 
hypergeometric terms. As we shall show below, there are also examples of terms depending 
on fractional powers of pq. For them the total ellipticity condition is slightly modified: it is 
necessary to consider dilations of the parameter q by appropriate powers of p. Introducing the 
variable Xq = (pqY^^ , K = 1,2, . . . and adding to the arguments of elliptic gamma functions in 

(2.6) the multipliers Xq " , it is not difficult to find the general form of constraints on integers 
mj"'* and e(m^"^) guaranteeing total ellipticity (with special p'^-ellipticity condition for the 
variable q). However, these constraints look essentially less beautiful than the Diophantine 
equations described above. Moreover, at the moment it is not clear which part of the modular 
transformation group survives because of the presence of fractional parts of modular variables 
in the arguments of respective elliptic functions-certificates. 

In the present work, we have checked that all nontrivial relations for elliptic hypergeometric 
integrals described below define totally elliptic hypergeometric terms through the ratios of 
the corresponding integral kernels. Namely, this property was verified for the equalities of 
superconformal indices in 

• the initial Seiberg duality (4.6) and (4.7); S'P-groups duality (5.1) and (5.2); [90] 

• multiple dualities for SP{2N) gauge group (6.1), (6.2), (6.3) and (6.4); 

• new duality for SP{2N) group (7.1) and (7.2); 

• multiple duality for SU{2N) gauge group (8.1), (8.2), (8.3) and (8.4); 
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• KS type dualities for unitary groups (9.2) and (9.3) (see Appendix D for a detailed 
consideration of this case); (9.5) and (9.6); (9.8) and (9.9); (9.10) and (9.11); (9.13) and 
(9.14); (9.16) and (9.17); (9.19) and (9.20); (9.22) and (9.23); 

• KS type dualities for symplectic groups (10.2) and (10.3); (10.5) and (10.6); (10.8) and 
(10.9); (10.11) and (10.12); 

• confinement for SU{N) group theories (12.1) and (12.2); (12.3) and (12.4); (12.5) and 
(12.6); (12.7) and (12.8); (12.9) and (12.10); (12.19) and (12.20); (12.21) and (12.22); 
(12.25) and (12.26); (12.27) and (12.28); (12.29) and (12.30); (12.31) and (12.32); 

• confinement for SP{2N) group theories (12.33) and (12.34); (12.35) and (12.36); (12.37) 
and (12.38); 

• dualities for the G2 gauge group (13.1) and (13.2); (13.3) and (13.4). 

Our auxiliary file with the details of these verifications is bigger than the present paper. 
During this work we have found a number of mistakes in the description of hypercharges of 
the fields in some original papers. On the basis of this large amount of computations, we put 
forward the following conjecture. 

Conjecture. The condition of total ellipticity for the elliptic hypergeometric terms is necessary 
for the existence of the exact integration formulas for elliptic beta integrals or of the nontrivial 
Weyl group symmetry transformations for the elliptic hypergeometric integrals. 

It is known that behind each elliptic hypergeometric integral there is a terminating elliptic 
hypergeometric series appearing from the residue calculus for restricted values of parameters 
[19]. The above conjecture has a natural meaning in terms of such series — it simply demands 
that the summation or transformation identities for them involve ratios of Jacobi forms with 
appropriate quasiperiodicity and modularity properties in the sense of Eichler and Zagier [27]. 
Already this fact is sufficient (when there are no fractional powers of pq) for the confirmation 
of the series identities to rather high powers of small logg expansions [19]. 

For a given elliptic hypergeometric integral there may exist more than one totally elliptic 
hypergeometric term. For the terms associated with elliptic beta integrals discussed in [86, 93] 
there existed a complementary difference equation with the totally elliptic function coefficients. 
During our work we have found examples of fake terms which do not lead to identities (or 
fake anomaly matching conditions without real duality). Therefore analysis of the sufficiency 
condition for existence of nontrivial identities looks much more neat - it should address the non- 
uniqueness questions and the list of additional admissible technical tools. Sometimes the ratio 
of a given elliptic hypergeometric integral kernel to itself with different integration variables 
yields the totally elliptic hypergeometric term. It may happen that for a fixed set of parameters, 
it is sufficient to have totally elliptic hypergeometric terms of a more complicated nature than 
the latter one, and then at least one of them will lead to a nontrivial relation between integrals. 

3. SUPERCONFORMAL INDEX 

3.1. M = 1 superconformal algebra. In 4 dimensional space-time the conformal algebra 
50(4,2) is formed by the generators of translations Pa, special conformal transformations 
Ka, S'0(3, 1) Lorentz group rotations, Maj, = —M^a, and the dilations H. The commutation 
relations have the form [25] 

[Mab, Pc] = iiVacPb - rjbcPa), [Mab, i^c] = KVacKb " VbcKa), 

[Mab, MJ = iiVacMbd - VbcMad - VadMbc + VbdMac) , (3.1) 
[H, Pa] = Pa, [H, Ka] = -X„, [Ka, Pft] = -2iMab - 2rjabH, 
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where rjab — diag{—l, 1, 1, 1) and all indices take values a — 0,1, 2, 3. In terms of the matrix 

Mab^ UPb-K,) iH \, (3.2) 

\1{P, + K,) -iH J 

where A, B — 0, ... ,5, relations (3.1) are rewritten in the simpler form [25] 

[Mab, Mcd] = iiVAcMsD - VbcMad - VadMbc + VbdMac) (3.3) 

with r)AB = diag{-l, 1, 1, 1, 1, -1). 
In the spinorial basis one defines 

= -^(aV)^M.,, M; = -'-{a^a%M^,, (3.4) 

where a, a, f3, $ — 1, 2, 

= {I, a'), = {I,-a^) 

and cr* are the usual Pauli matrices 



Using the standard angular momentum generators, we set 



J- -J3 ; ' ^ V -J-^ 

with [J3, J±] = ±J±, [J+, J_] = 2J3 and similar relations for J±, J3. Then the tensor Mab is 
expressed through these operators as 



/ _ _0 i(J+ + J_ - J+- J_) |(J+ + J_-J+- J_) j(J3-J3) 

J- - j+- J-) o_ -(J3+J3) 

-|(J+ + J_-J+-J_) (Js + ^s) _ 0_ _ + J_ + J+ + J_) 

-i{J3-J3) -^{J+ + J+-J-~J-) \{J+ + J-+J+ + J-) 



The conformal algebra (3.1) can be rewritten now as 



2%' 



12 a 'id 1 V /}' 7dJ 5 7/5 ' 2 



[M/,H] = Q, [M ^,H] = 0, 

[H: Pap] - Pa0: K^^^] = -i^"^ (3-6) 

SO{4:,2) (or SU{2,2)) algebra can be extended by adding supercharges Qa,Qa their 
super conformal partners S*", S*". Supercharges satisfy the anticommutator relations [25, 97] 

{Qa,Qa} = ^Paa, {Qa,Qp} = {Qd,^;?} = 0, (3.7) 

while their superconformal partners obey 

{T, -S"} = 2X"", {T, S^} = {-S", Sf^} = 0. (3.8) 
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The cross-anti-commutators of Qa and Sa have the form 

{QaX} = Q, {5^QJ = 0, (3.9) 



while 



{S'^.Q^} = 4 [m"^ - + ^<5|i?] , (3.10) 



where R is the i?-charge generating [/(l)i^-symmetry group. 
The bosonic and fermionic generators cross-commute as 

[M/, Q,] = 6^^Q^ - UiQ,, [M/, g^] = 0, 

[M/, 51 = -5is^ + 5^ [M/, = 0, 
[M% g^] = 0, \M%, g^] = -5^g^ + ^5jg^, 

[M''^, 51 = 0, [M% 5^] = <5p" - 

[ir<^^ g^] = 5^5", [ir"^ g^] = 5^s^, 

[H,S^]^~S\ [hX]--\s''. (3.11) 

The i?-charge commutes with all bosonic generators and has non-trivial commutators only 
with the supercharges and their superconformal partners 

[i?, Qa\ = -Qa, [R, Qa] = Qa, 

[i?, 51 = S", [R,T] = -T. (3.12) 

To simplify the shape of the A/" = 1 superconformal algebra one introduces the notations 



^'-(^'^ w;%h)' P-^^) 

Then the (anti)commutators (3.6), (3.7), (3.8), (3.9), (3.11), (3.12) combine to [26] 

[M^, Qc] = S^Qa - l^^Qc, [M^, ^] = + i^^Q^, 

\r,qA--Qa, \r,'^\^^, 

{QxQ^} = 4A4^ + 355i?, {Q^,Qe} = 0, {Q-^,Q^} = 0, (3.14) 



where 



~ I bi 



ELLIPTIC HYPERGEOMETRY OF SUPERSYMMETRIC DUALITIES 13 

3.2. The index. Suppose an operator Q and its Hermitian conjugate satisfy the relations 

{g, Q} = 0, {Q\ Qt} = 0, {g, gt} = 2h, (3.15) 

where H is the Hamiltonian (= Pq) of a taken system. This is a universal situation valid down 
to the non-relativistic quantum mechanics. The Witten index [99] defined as T'r(— 1)^ tells 
(under certain conditions) whether the supersymmetry is broken spontaneously or not. By 
definition the operator (—1)^ is 

{-if = exp(27riJ,), {g,(-lf} = 0, (3.16) 

where in the spinorial basis Jz — —J3 — Ja- It distinguishes bosonic states \b) from the fermionic 
ones I/), 

{-ir\b)^\b), (-1)^1/) = -!/). 

Because of the cancellation of contributions of states with positive energies to Tr{—lf, this 
trace formally can be evaluated using the zero-energy states 

Tr{-lf = nf =° - nf =°, (3.17) 

where n^^^ and n^^*^ are the numbers of bosonic and fermionic ground states. Therefore, if 
Tr{—lf 7^ 0, supersymmetry is not broken. However, because of the presence of infinitely many 
states, one needs a regulator commuting with Q (to save cancellations). Then the regularized 
Witten index is defined as 

Iw = Tr{{-lfe-^"), (3.18) 

and formally it does not depend on the parameter (3. 

AstoM — 1 superconformal theories, there are different possibilities to realize relation (3.15), 

due to the superconformal operators S'^,S°'. Namely, one picks a generator Q with its adjoint 
Q\ such that 

{Q,Q^ = 2n, (3.19) 

where "H does not coincide with the Hamiltonian. Then one can consider the subspace of 
the Hilbert space composed of the BPS states \ip) annihilated by H, Ulip) = 0, and define the 
Witten index Iw — Tr((— 1)^ e"'^^). However, the space of such states l^') is infinite dimensional 
and one has to introduce other regulators, which leads to a nontrivial generalization of the index 
itself. 

For SU {2, 2\1) group, there are four non-trivial choices for supercharges Q, Q^, which can 
be used for constructing the superconformal index: 

{gi, S'} ^2{H + 2Js + ^R) ; {Q2, S'} = 2(// - 2 J3 + ^R) ; 

{Q„ -S'} = 2{H - 21, - ^-R)- {g^, -S^} = 2{H + 273 - ^R). (3.20) 

The generators commuting with the corresponding pairs of supercharges are 

M%, H + ^R, P2d, K"^; M%, H + ^R, A^, K"'; 

Mj, H - ^R, P„2, K"'; Mj, H - ip, P,i, K"^, 
respectively, see (3.14). Let us stick to the choice 
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Composing the matrix [26] 
where Va = ^Pa2, = ^K^^ , and 

TZ^H--R 
2 

we come to the SU{2, 1) Lie algebra with the relations 

To regularize the trace over the infinite dimensional space of zero modes of "H, we use all 
operators commuting between themselves and with the distinguished supercharges Q and . 
In our case one additional regulator is for some arbitrary complex variable t restricted as 
|t| < 1 to ensure damping. Since M^^ commute with and S , there is one more regulator 
x^-^^, I a; I < 1, resolving the degeneracy ensured by M^^. Finally, one defines [72, 73] 

ind(t,a;) - Tr(-l) V-^^i^e"^^. (3.23) 

This index explicitly depends on the chemical potentials x and t, in difference from the variable 
p. 

In the presence of internal symmetries, one can introduce more regulators to resolve the 
degeneracies. For f/(l)'^ global symmetry group, one introduces chemical potentials /ij, j — 
1, . . . ,k, and extends the superconformal index as 

md(t,x,iij) = Tr(-l)V'^^i^e^^*=i''^-«^ (3.24) 

where qj is the generator of j-th C/(l)-group. For a non-abelian local gauge invariance group 

G with the maximal torus generators Ga, a = 1, • • • , rank G, and a fiavor group F with the 
maximal torus generators Fj, j = 1, . . . , rank F, the index reads 

indit,x,z,y) = rr((-l)V-^3^^,Er=f'^p.G'.gE-f-/,F.^^ (325) 

where ga and fj are the chemical potentials for groups G and F respectively. We assume that the 
global abelian groups enter the fiavor group contributions in (3.25). From the representation 
theory it is known that T'r exp(^™"'^*^ (/jG*) = Xg{z) is the character of the corresponding 
representation of the gauge group G, where z is the set of complex eigenvalues of matrices 
realizing G. The same is valid for the fiavor group F: Tr exp{^j'^-l^ fjF^) = Xpiu) is the 
character of the representations forming the space of free field states, and y is the set of complex 
eigenvalues of matrices realizing F. 

Since all physical obscrvables are gauge invariant, one is interested in the index for gauge 
singlet operators. Therefore formula (3.25) is averaged over the gauge group, which yields the 
matrix integral 

I(t,x,y) = J d/x(^)rr((-l)V-^3^^eE;ri'=''.aG«gE-f^/.^^^, (3.26) 

where dfi{g) is the G-invariant matrix group measure. This is the superconformal index - the 
key object for our purposes. By construction, it has the meaning of a particular combination 
of S'C/(2,2|1) X G X F group characters naturally restricted to the space of BPS states and 
integrated over the gauge group. 



(3.21) 



(3.22) 
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3.3. Calculation of the index. Explicit computation of the superconformal index ior J\f — 1 
theories was performed by Romelsberger [73]. According to his prescription one should first 
compute the trace in index (3.25) over the single particle states, which yields the formula 

2t^ -t(x + x-^) 

+ ^ (l-te)(l-te-l) ' ^"^-^^^ 

where the first term represents contribution of the gauge fields belonging to the adjoint rep- 
resentation of the group G, and the sum over j corresponds to the chiral matter superfields 
ipj transforming as the gauge group representations Rgj and non-abelian flavor symmetry 
group representations Rfj- The functions Xadj (z), XRfAv) XRcji^) are the corresponding 
characters - their explicit forms for major classical groups are described in Appendix A. 

In the original Romelsberger's formula the denominators are written as 1 — txsu{2)j{l) + 1^, 
where Xsu{2),f{l) is the character for the fundamental representation of the SU{2) subgroup in 
(3.22). Parametrizing it by the eigenvalue x, one comes to (3.27). 

The C/(l)R-group contribution to (3.27) is described by the terms t^^^ and ^2-2^^ resulting 
from a chiral scalar field with the /^-charge 2Rj and the fermion partner of the conjugate anti- 
chiral fields whose i?-charge is —2Rj. In the presence of additional global t/(l)-groups the 
variables Vj have the form 

k 

1=1 

where 2Rj is the i?-charge of the j-th chiral superfield, qji are the normalized hypercharges of 
the j-th matter superfield for l-th [/(l)-group and 2/x; is the chemical potential for the latter 
group. 

To obtain the full superconformal index, this single particle states index is inserted into the 
"plethystic" exponential with the subsequent averaging over the gauge group: 

I{t,x,y) = Jjfi{g) exp (^f2U{r,x^z'^,y^)y (3.28) 

Similar objects appeared in computation of partition functions of different statistical mechanics 

models and quantum field theories, see, e.g., [3, 80, 95, 58, 49, 57, 4, 29, 24]. 

Clearly there are two qualitatively different contributions to superconformal indices - from 
the matter fields and the gauge fields. The generic form of a matter field single particle states 
contribution to i{t, x, z, y) in the presence of some global U{1) symmetry group is 

t2Ry_^2-2Ry-l 

^^^^'"'^^^ (l-tx)(l-to ' ^'-'^^ 

where t, x are the same variables as in (3.27) and y = t^^ is the chemical potential for the U (1) 
group. It is convenient to introduce new parametrization 

p = tx, q = tx~^, w = t^^y, (3.30) 

where p and q are (in general, complex) parameters satisfying the constraints |p| < 1. As a 
result, we can write 

. / ^ w — pqw~^ 
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Then the described index building algorithm yields (cf. [3]) 



exp = n 1 , \ r(«';P,g)- (3.31) 

^n=l ^ j,k=0 ^ ^ 



This result corresponds to formula (69) in [73] after the identifications w := f^u, p :— ty, q := 
ty~^. However, the fact that this index coincides with the elliptic gamma function was recognized 
only by Dolan and Osborn in [26]. 
For the gauge field part one can set 

• / ^ 2t'^ - t{x + x-^) ( p q \ 

For the SU{2) group one has Xadj 

(z) = + z ^ + 1. Substituting pieces of this expression in 
the corresponding places of the index, we obtain the following characteristic building blocks 



I ^ I l-pn 1-q^J 

^ n=l ^ ^ 



+ ^-2") 



e{z';p)e{z';q) 



(1 - z^y 
1 



[1- z^){l- z-^)r{z^^;p,q) 



and 



i ^ i l-pn l-qnj J 

^ n=l ^ 1. / / 



(p;p)oo(g; g)oo. 

Similar expressions are found for field contributions for the higher rank gauge groups. 



4. Seiberg duality for unitary gauge groups 

First we consider the usual M —\ supersymmetric quantum chromodynamics (SQCD) as an 
electric theory with the internal symmetry groups [76] 

G^SU(N), F ^ SU{Nf) X SU{Nf) xU{1)b, 

where U{1)b is generated by the baryon number charge (the U{1)r group enters the supercon- 
formal group). This supersymmetric version of QCD has two chiral scalar multiplets Q and Q 
belonging to the fundamental / and anti-fundamental / representations of SU (N) respectively, 
each carrying a baryon number, and the vector multiplet V in the adjoint representation of G. 
The field content of the electric theory is collected in the following table 



Field 


SU{N) 


SU{Nf) 


SU{Nf) 


U{1)b 


U{1)r 


Q 


f 


f 


1 


Qb = 1 


2Rq = N/Nf 


Q 


f 


1 


/ 


qs = -1 


2R^ = N/Nf 


V 


adj 


1 


1 





2Rv = 1 



Here qB, qs denote the baryonic charge and Rq, Rq, Ry are half /^-charges of the fields. 
The dual magnetic theory has the symmetry groups 

G = SU{N), F = SU{Nf) X SU{Nf) x U{1)b, 

where N — Nf — N. Its field content is fixed in the table below 
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r lelcl 


oU [1\ ) 


CTT { AT \ 


QTTf AT \ 

oU [1\ f) 


Uil)B 


Uil)R 


1 


f 


f 


1 


Q'b 


= N/N 


2Rg = 


N/Nf 


Q 


f 


1 


/ 


q'B- 


= -N/N 


2Rg = 


N/Nf 


M 


1 


f 


f 







2Rm — 


2N/Nf 


V 


adj 


1 


1 







2R^ 


= 1 



This duality is supposed to work only in the conformal window 3N/2 < Nf < 3N, following 
from the demand that both dual theories are asymptotically free in the one-loop approximation. 
The one-loop beta function for the gauge coupling is given by 



where T{F) is the sum of Casimir coefficients T(r) (see Appendix C for more details) over all 
fermions, T{S) is the similar sum over all scalars and T(adj) is T(r) for the adjoint represen- 
tation. For a summary of this and two loop rcnormalization group results, see [56]. 

The r^-charges of fields coming from and U{1)b currents in the electric theory are 

rg ^ Rq + QbX, Vq = Rq^ QbX, 

where x is the C/(l)B-group chemical potential. In the magnetic theory we set 
Tg = Rg + q'sX, Tq = Rq + q'j^x, Tm = Rm- 
Then the single particle states index for the electric theory has the form 

YZT^ + Yzr^ J xsu{N),adji^) 

+ (1 -pXI - q) i(P^y'^XsuiNf),f{s)xsuiN),f{z) - {pqy'"''Xsu{Nf)jis)Xsu{N)ji^) 
+ iPQy^XsuiNf)jit)xsu{N)j{^) - ip<lf'''^Xsu{Nf)j{t)xsu{N)j{z)Y 
For the magnetic theory we have 



(4.1) 



iM{p,q,z,s,t) = - 
1 



P 



+ 



XsU{N),adji^) 



1 — p 1 — q 

+ {l-p){l - q) [^P'^y'Xsu{Nf)jis)Xsu(N),fi^) - {PQY~"'XSUiNf)j{s)XsU{N)ji^) 
+ {pqY'XSU(Nf)j{t)Xsu{N)ji^) - iPqy~''XsU(Nf)jit)Xsu(N),fi^) 
+ {P(iyXSU{Nf)j{s)Xsu{Nf)j{i) - iP(iy~''''XsU{Nf)jis)XSU{Nf),f{t))- 

The superconformal indices take the form (see the invariant measures in Appendix B) 

ip;p)^-\Q;Qy. 



(4.2) 



If. = 



\N-1 
'oo 



X 



/ 



m 

n£ n7=i r((M)-^s.;.„ {pqf'^tr'zi'^p^ql dz, 



(4.3) 



Ui<i<j<N'^i^i^j \h ^Zj;p,q) 



2TTiZi ' 
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where fljli h = UJi Si = UJi U = I, and 



Im — 



(p;p)oo-^(g;g)oo-^ jj r((pg)-.,t7^p,g) (4.4) 



TV' 

l<i,j<Nf 



where H^Li — ^- Let us renormahze the variables 

s,^{pg)-''^s,, t-' ^ {pqyQtr', t = l,...,Nf. (4.5) 

Then the superconformal indices are rewritten as the foUowing eUiptic hypergeometric inte- 
grals 

r {p;p)^~\g;g)^~^ 



X 



n£ nf=i r(.,z„ t-^z-^ g) dz, 



■jfiV-l 



n 



and 



j^^iP^P}^^^ n r(..tT^p,,) (4.7) 



mI^Ul^nS'/^s-'z,,T-^/^Uz-'■p,g) dz, 
T'^-i Ili<i<j<N'^{ziZj\z;^Zj;p,g) 27ri^/ 

where 5* = YlfJi Sj, T = YlfJi ti, and the balancing condition reads ST~^ = {pq)^f~^ . 

As shown by Dolan and Osborn [26], the equality Ie = Im coincides with the A.^ ^ A„i 
root systems symmetry transformation established by Rains [65]. For N = N = 2 this identity 
is a simple consequence of the symmetry transformation for an elliptic analogue of the Gauss 
hypergeometric function discovered earlier by the first author in [83] . Note that this equality of 
integrals is valid for any Nf, while the Seiberg duality is expected to exist only in the conformal 
window, where we have appropriate i?— charges yielding an anomaly free theory. One cannot 
extrapolate the duality outside this window except of the boundary points Nf = 3N/2 and 
Nf — 3N (we thank A. Schwimmer and S. Theisen for a discussion on this point). However, 
this does not mean that for the electric theory outside the conformal window there cannot be 
dijferent magnetic duals. We present a number of such examples in a separate paper [92]. 

The needed equality between elliptic hypergeometric integrals is rigorous only under certain 
constraints on the parameters. The kernels of the integrals are meromorphic functions of 
integration variables Zj e C*. There are two qualitatively different geometric sequences of poles 
of these kernels — some of them converge to zero zj = and others go to infinity. So, the equality 
Ie — Im with the integration contours T on both sides is true provided T separates these two 
types of pole sequences. In the present situation this is guaranteed for [S*!^/^ < |sj| < 1 and 
1 < < |T|^/^. All the relations for superconformal indices described below have similar 
constraints on the parameters, but we shall not describe them for brevity, assuming that the 
separability conditions for pole sequences are satisfied by the contour T. 



elliptic hypergeometry of supersymmetric dualities 

5. Intriligator-Pouliot duality for symplectic gauge groups 
The electric theory has the overall symmetry group 

G = SP{2N), F = SU{2Nf), 
and the following matter field content 
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SP{2N) 


SU{2Nf) 




Q 


f 


f 


1-{N + 1)/Nf 



In this and all other tables below we drop the vector superfields V (or V, except for the 
confining theories where this field is absent), since they are always described by the adjoint 
representation of G and singlets of F. 

The dual magnetic theory constructed by Intrihgator and Pouliot [43] has the same flavor 
group and the gauge group G — SP{2N), where N — Nf — N — 2, with the held content 



described in the table 



3elow 





SP{2N) 


SUi2Nf) 




M 


f 
1 


f 

Ta 


{N + l)/Nf 
2{N + l)/Nf 



The conformal window for this duality is 3(A^ + l)/2 < Nf < 3(A^ + !)• 

For these theories we have the following indices (in the renormalized variables) [26] 



2^N\ 



l<i<j<N 



N 

n 



dzj 



r(^f ;p, q) n Li r(^f ;p, g) SttI^. 



(5.1) 



and 



ip;p)^{q; q) 



Im — 



2^N\ 



n r(i,i,;p,5) 

l<i<i<2iV/ 



(5.2) 



X 



YU=iY[Un{pqY/V4'-^P.q) 



N 

'P^q) ]Xi=i^i4^',p,q) i=i 



dzi 



with the balancing condition n;=i ^ 



{pq) 



Nf-N-l 



For N = N = 1, the equality Ie = Im is 



a consequence of the symmetry transformation established in [83]. For arbitrary ranks A^, A^, 
the needed identity (2.11) was proven by Rains in [65]. After the degeneration to the rational 
integrals level, it reduces to the Dixon transformation formula 



6. Multiple duality for SP{2N) gauge group 

There exists a multiple duality phenomenon, when one electric theory has many magnetic 
duals. In this section we describe theories with SP{2N) gauge group, where multiple duality is 
ensured by W{Ey), the Weyl group for the exceptional root system E^. However, we skip the 
description of this group referring for details to [91]. 

We take A/" = 1 SQCD electric theory with the symmetry groups G = SP{2N) and 
F — SU{8) X ^7(1). This model has one chiral scalar multiplet Q belonging to the funda- 
mental representations of G and F, a vector multiplet V in the adjoint representation, and the 
antisymmetric 5'P(2A'")-tensor held X, see the table below 
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SP{2N) 


SU{8) 


m 


mR 


Q 


f 


f 


N-l 
4 


1 

2 


X 


Ta 


1 


1 






For N = 1, the field X is absent and f/(l)-group is completely decoupled. In [91] we were 
giving in tables halves of the /^-charges. 

This electric theory and its particular magnetic dual (with N > 1) were considered in [18]. 
However, as described in [91], there are other dual theories. In a special section below we show 
that the 't Hooft anomaly matching conditions are fulfilled for all these new dualities. 

The electric superconformal index is 



- 2«iV! r((P.) .P..) 1 ,11 r(.f'^';p.,) 



2TriZj ' 



where rg = Rq + cqs, rx = exs, and 2Rq = 1/2 is the i?-charge of the Q-field, eg = 
and ex = 1 are the ?7(l)-group hypercharges with s being its chemical potential. 
The first (new) class of magnetic theories has the symmetry groups 

G = SPi2N), F = SU{4) X SU{4:) x U{1)b x U{1). 

Its field content is fixed in the table below 



(6.1) 

-{N-l)/4 





SP{2N) 


SU{4) 


SU{4) 


mB 


m 






f 


f 


1 


-1 


N-l 


1 
2 


q 


f 


1 


/ 


1 


nU 

4 


1 

2 


Y 


Ta 


1 


1 





1 





Mj 


1 


Ta 


1 


2 


2J-Af+1 
2 


1 


Mj 


1 


1 


Ta 


-2 


2J-JV+1 
2 


1 



In the tables of this section the capital index J takes values 0, . . . , iV — 1, which is not indicated 
for brevity. The superconformal index in this magnetic theory is 



N-l 



^M=n n r((p?)'--^y,y,;p,g) J] r((pg)''-^?/i?/,;p, g) 

J=0 l<i<j<4 5<i<j<8 



X T{{pqy;p,qy 



Zoo 



2^N\ 



j-j T{{pqyzt'zf;p,q) 

l<i<j<N 



UUnipqY^v-'yi4'-^p,qmUnipqY'v\zf-,p,q) dzj 



nzf;p,q) 



2'K\Z4 



(6.2) 



where v = ^ymysVA and 



AT- 1 



N-l 



TMj = R 



Mj-^{N-l-2J)s, r^^ = it: 



Mj 2 



1 - 2J)s. 



The second (new) class of dual magnetic theories has the same symmetries as in the previous 
case, but different representation content as described in the following table 
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SP{2N) 


5C/(4) 


SU{4) 


mB 


m 


mR 




f 


/ 


1 


1 


N-l 
4 


2 


q 


f 


1 


7 


-1 


N-l 
4 


1 

2 


Y 


Ta 


1 


1 





1 





Mj 


1 


/ 


/ 





2J-JV+1 
2 


1 



The index for this magnetic theory is given by 

N-l 4 8 
J=0 i=l j=5 

„ T{{pqyzt'zf;p,q) 

--J<j<N r(.f.f;p,g) 



X 



2JV7V! 

iV i-r4 



xn 



27rizj 



T{zf^;p,q) 



(6.3) 



where 



1 N-l 



rMj = l-l{N-l-2J)s. 



4 ' ''"'2 2 

Finally, the third type of magnetic theories, which was constructed originally by Csaki, Skiba 
and Schmaltz in [18], has the symmetry groups G = SP{2N) and F = SU{8) x U{1), and its 
fields content is 





SP{2N) 


SU{8) 


m 


U{1)r 


q 


f 


f 


N-l 
4 


1 

2 


Y 


Ta 


1 


1 





Mj 


1 


Ta 


2J-JV+1 
2 


1 



Corresponding magnetic superconformal index has the form 

N-l 



7-(3) 



J=0 l<i<j<8 



= r((p5)--;p,9)"-'n n r((Mr'</*;p,9) 

X / n 



N 
oo 



(6.4) 



ri{pqY-zt'zf;p, q) Uli niP^lY'^yi' ^''^P^ dz. 



where 



l<i<j<N 

l-s(N 



r{ztzf;p,q) 



n 



11 



sJ + 



r(^f;p,?) 
1 -s(A^- 1) 



27ri2;i 



The SP{2) gauge group case can be obtained from the tables above by substituting = 1 
and deleting fields X in the electric theory and Y in the magnetic theories, which decouple 
completely. The number of mesons in dual theories is reduced as well. Equality of supercon- 
formal indices for = 1 follows from the results of [83], and the needed identities for elliptic 
hypergeometric integrals for > 1 were established in [65]. As argued in [91], there should be 
in total 72 theories dual to each other - this number equals to the dimension of the coset group 
W{E7)/Ss responsible for the dualities (in this respect, see also [55]). 

7. A NEW SP{2N) o SP{2M) groups duality 
We take as the electric theory SQCD based on the symmetry groups 

G = SP{2M), F = SU{4) X SP{2h) x SP{2l2) x . . . x SP{21k) x U{1) 
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with the fields content fixed in the table below 





SP{2M) 




SP{2li) 


SP(2lo) 




SP(21k) 


U(l) 


"-^ \-^JH 




f 


f 


1 


1 




1 


M-N-2 
4 





Qi 


f 


1 


/ 


1 




1 


ni 
2 


1 


Qi 


f 


1 


1 


/ 




1 


"2 
2 


1 


Qk 


f 


1 


1 


1 




/ 


"if 
2 


1 


X 


Ta 


1 


1 


1 




1 


1 






where ■ ■ ■ ^ uk and 'Y^=\ ^i'^i = M + N. 

The dual magnetic theory has G = SP{2N) and the same flavor group; the flelds content is 
described below 





SP{2N) 


SU{4:) 


SP{2h) 


SP{21 


Wi 


f 


f 


1 


1 


Qi 


f 


1 


/ 


1 


Qi 


f 


1 


1 


/ 


Qk 


f 


1 


1 


1 


AT, 


1 


Ta 


1 


1 


MiM 


1 


f 


/ 


1 




1 


f 


1 


/ 


MK,kK 


1 


f 


1 


1 


Y 


Ta 


1 


1 


1 



Aj-jV+2 

4 
ni 

2 

n2 

2 



M-N-2 



U(l) 



R 



1 
1 
1 

/ 

1 

1 
1 

/ 
1 



^ 2 
M-7V-2 



4 

M-N-2 
4 

M-N-2 



-f + h 

+ k2 



n2 




1 
1 

1 


1 
1 

1 





where j = 0, . . . , M — — 1 and fcj = 0, . . . , rij — 1 for any i — 1, . . . ,K. Here we assume that 
M>N{ioiM = N the fields A^^- are are absent). 
The superconformal indices have the form 



2MM! ^(^'^'^^ Am Jl^r(.-.f;p,,) 



(7.1) 



M 

xn 



and 



Im — 



(p;p)oo(g;g) 



M-iV-l 



2^N\ 

4 K Im rim-l 



X 



nnnn 

1 m- 

N 

n 



r(«;p,«)"-' n n nt'*W;p,q) 

i=0 l<fc<r<4 



(7.2) 



r(t'='"i.s^,,;p, q) JjN ^^^y<^ r(^f ;p, g) 



r=l m=l i=l km=0 
N 

X 



,=1 n4"-^P,q)UtiUU^{t'-Sr,zf-p,q) 2nizj' 

with the balancing condition nr=i^^ ~ f2+M-N^ 

We have checked that the anomalies of these two theories match (see below), which is a 
very strong indication that the theories are dual to each other. This is another new duality 
that we have found. It has rather complicated structure with the fiavor group composed of 
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an arbitrary number of simple group components. The renormalization group analysis shows 
that the asymptotic freedom is present on the electric side for M > Ylf=i — 1 and on the 
magnetic side for N > ^^^j^ h/2 — 1. 

The equality of elliptic hypergeometric integrals Ie = Im, which gives another argument 
supporting this duality, coincides with the Rains Conjecture 1 from [68] (it was used as a starting 
point for the derivation of the described duality). As we have known after the completion of 
this work, this conjecture is proven recently by van de Bult [9]. 



8. Multiple duality for SU{2N) gauge group 

Wc describe now the multiple duality phenomenon for SU{2N) gauge group. The overall 
flavor symmetry group of the theories is rather unusual. For N = 1, this multiple duality 
coincides with that for SP{2) group, see [91]. For > 2, one has F = SU{A) x SU{A) x 
U{l)i X U{1)2 X U{1)b- For N = 2, the flavor subgroup U{l)i is replaced by SU{2). The field 
content of the electric theory for > 2 is shown in the table below 





SU{2N) 


SU{A) 


SU{A) 






U{1)b 


mR 


Q 


f 


f 


1 





2N -2 


1 


2 


Q 


f 


1 


/ 





2N -2 


-1 


1 
2 


A 


Ta 


1 


1 


1 


-4 








A 


Ta 


1 


1 


-1 


-4 









Corresponding superconformal index has the form 



, 11 



\<j<k<2N 
2N 4 2N-1 



xIlIl^i^kZj:hzr';p,q) J] (8.1) 
j=i k=i j=i ^ 



where 11^=1 — 1 balancing condition reads {UVY^ ^ST — {pqY with S — Y[k=i 

and T — Y[t=i ^k- This is the two-paramctcr (higher order) extension of the type II elliptic beta 
integral for the root system A2N-1 introduced by Spiridonov in [83]. 

For N > 2, magnetic dual theories have the same gauge and global symmetry groups. The 
first (new) dual theory has the field content described for A" > 2 in the table below 





SU{2N) 


SU{4) 


SU{i) 




U{1)2 


U{1)b 


U{1)r 


Q 


f 


f 


1 





2N-2 


-1 


1 

2 


Q 


f 


1 


/ 





2N-2 


1 


1 
2 


a 


Ta 


1 


1 


1 


-4 








a 


Ta 


1 


1 


-1 


-4 










1 


Ta 


1 


-1 


4iV - 8 - 8m 


2 


1 


G 


1 


Ta 


1 


N-1 





2 


1 


H m 


1 


1 


Ta 


1 


4A^ - 8 - 8m 


-2 


1 


G 


1 


1 


Ta 


-N + 1 





-2 


1 
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where m — 0, . . . ,N — 2. This leads to the magnetic index 



N-2 



l<i<i<4 



m=0 



\2N-1 
loo 



(27V)! 

2N 4 



-i-r T{VzjZk,Uzj ^z^^]p,q) 
r{z]'^Zk,ZjZ-^;p,q) 



(8.2) 



l<j<k<2N 



2N-1 



X 



27ri2;i 



j=i k=i 

Our second dual theory was found by Csaki et al in [17]. Its field content for > 2 is 
described in the table below 





SU{2N) 


SU{4) 


SU{4) 


mi 


m2 


mB 


mR 


Q 


f 


f 


1 





2N -2 


1 


2 


Q 


f 


1 


7 





27V -2 


-1 


1 
2 


a 


Ta 


1 


1 


1 


-4 








a 


Ta 


1 


1 


-1 


-4 










1 


/ 


/ 





4A^ - 4 - 8A; 





1 



where A; = 0, . . . , — 1. Its superconformal index has the form 

^ m=Ok,l=l 

T{UzjZk,Vz-^z^^;p,q) ^ 



(8.3) 



X 



2N-1 



J2N-1 



n 



r(z_. hk,ZjZ,^^;p,q) 



l[l[r{VSs^'zj,Vft^'z-';p,q) n 



i<j<k<2N ' -^''"J^*; '^'-1/ i=ifc=i 
Our third, again new, duality corresponds to the theory described below for N > 2 



2'jTiZi 





SU{2N) 


SU{4) 


SU{4) 


mi 


^(1)2 


Uil)B 


mn 


Q 


f 


f 


1 





2Ar-2 


-1 


1 

2 




f 


1 


7 





2A^-2 


1 


1 

2 


a 


Ta 


1 


1 


1 


-4 








a 


Ta 


1 


1 


-1 


-4 








Mk 


1 


/ 


/ 





4iV - 4 - 8A; 





1 




1 


Ta 


1 


-1 


4iV - 8 - 8m 


2 


1 


G 


1 


Ta 


1 


A^- 1 





2 


1 


H m 


1 


1 


Ta 


1 


4Ar - 8 - 8m 


-2 


1 


G 


1 


1 


Ta 







-2 


1 



where k — 0, . . . , N — 1, m — 0, . . . , N — 2. Its superconformal index reads 

m=Ok,l=l 

N-2 

J] [viu^'-'sisj, V'-H.tj-p, q) J] r(y(c/y)'"s,s,-, u{uvTutj-p, q) 



(8.4) 



X 



l<?<j<4 



X 



r(y2:j^fc,?7^^. ■,p,q) 
r{z:r^Zk,ZjZ'^^;p,q) 



m=0 
2N 4 



2N-1 



dZj 

l<j<k<2N '^-J ^y^'iJ 3=1 k=l j=l 
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Prom the duality arguments for these field theories, we conjecture that Ie = IjJ = -^m = -^m 
under certain constraints on the integral parameters, which yield new powerful elliptic hyperge- 
ometric integral identities. Instead of the W{Et) Weyl group symmetry in parameters, existing 
for iV = 1, only its subgroup of reflection transformations consistent with the permutational 
Si X 5*4 symmetry group survives. Nevertheless, preliminary considerations indicate that these 
relations should be provable by an appropriate analog of the method used in [65] for proving 
H^(i?7)-identities for i?CAr-integrals of type II. We have checked that the reduction from Nf = 4 
to Nf = 3 realized by the constraint 54^4 = pq reduces superconformal indices to Spiridonov's 
^2Ar-i-elliptic beta integral [83], i.e. equality of indices in this case is proven rigorously. 

For N — 2, superconformal indices are given by the same integrals. However, in this case 
ni<j<jfc<4 /(-^i-^j) — Y[i<j<k<4fi^r^^7^) arbitrary function f{x), and the parameters U and 
V unify to a doublet, meaning that the fields A and A, a and a unify to fundamentals of the 
SU{2) group, which replaces the U{l)i fiavor subgroup. 

An interesting situation occurs in the limit V ^ \ (or U ^ \). Some of the poles coming from 
the integrand factor T{yzl^zJ^;p^q) approach the integration contour and it is necessary to 
deform T before taking this limit. A careful residue calculus shows that in this limit the leading 
asymptotic contribution to all four superconformal indices are given by the residues of the poles 
at ZjZk = V ^ 1, j ^ k. As a. result, N — 1 integrations are taken away, there remain only 
A'"-dimensional integrals over, say, Z2j-i, j = 1, . . . , N, variables. The latter integrals coincide 
exactly with the indices of four theories appearing in multiple 5'P(2A^)-duality described above. 
Thus we have shown, that our multiple S'f/(2A^)-dualities contain SP{2N) dualities as special 
subcases. The first mathematical observation that the type II hypergeometric identities for 
i?Civ-root system can be obtained from type II relations for both A2N-1 and A2N root systems 
has been done in [94], where various new multiple eV'e summation formulas on root systems 
have been suggested. Here we extend this observation to the (expected) relations between 
type II elliptic hypergeometric integrals. On the physical ground, such a relation between the 
particular 5*^7(4) and 5'P(4) gauge group duahties was observed in [17]. Note that the further 
limit U — 1 leads to the SU{2)^-gange group theories whose indices are given by A^-th power 
of the indices of 5'P(2)-group models with Nf — A constructed in [91]. 

The attempts in [17] to construct an analogous duality for even rank gauge groups SU (2A"+1) 
have failed. We have succeeded in solving this problem; corresponding results together with 
the residue calculus details will be presented in a separate paper. 



9. KUTASOV-SCHWIMMER TYPE DUALITIES FOR THE UNITARY GAUGE GROUP 

Now we pass to generalizations of the Seiberg dualities for unitary and symplectic gauge 
groups G discovered by Kutasov and Schwimmer (KS) [51, 52] and studied in detail in [53] and 
other papers. For brevity, we skip separate global symmetry group descriptions since they can 
be read off easily from the field contents of the theories given in the tables. The first column in 
the tables describes gauge group representations for fields, while other columns, except of the 
very last one, describe representations and hypercharges for subgroups of the flavor group F. 
Also, we skip the detailed description of single particle state indices and write out directly the 
integrals for the superconformal indices together with the balancing condition, if there is any. 
In this section we describe such dualities for G — SU{N). 
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9.1. SU{N) gauge group with the adjoint matter field. The following electric-magnetic 
duality is described in [52] . The field content of the electric theory is 





SU{N) 


SUiNf) 


SUiNf) 


mB 


Uil)R 


Q 
Q 

X 


f 

7 

adj 


f 
1 
1 


1 

7 
1 


1 

-1 




^1 — ^ {K+l)Nf 
^^-^ {K+l)Nf 
^* ~ K+l 



The magnetic theory ingredients are collected in the following table 



Y 

M, 



SUiN) 



f 

7 

adj 

1 



f 
1 
1 

/ 



1 

/ 
1 

7 



uii] 



N/N 
-N/N 






2r' = 1 - 



2Af 



2?^ 



1 - 



(ii-+l)Af/ 
2Af 



:9 - 



(ii-+l)Af/ 

2s - ^- 

l.V , 2(,7-l) 



(A" + 1)A", ' A" + l 



Here j — 1, . . . , K and the dual gauge group dimension is 

N = KNf-N, K = 1,2,..., 

with the constraint Nf > N/ K. 

Defining U = {pqY = (pq) , we find the following indices for these theories 



(9.1) 



IE 



N\ 



T{ziZj ^Zj;p,q) 



N-l 



l[llT{s,z„ti'zj';p,q)l[ 



i=i j=i 



dzj 
2mzi ' 



(9.2) 



where Y[f=i — the balancing condition reads U'^^ ST ^ = {pq)^f with S = 11^=1 ^ — 



Nf 



li^liU, and 



TV! 



N-l 
oo 



X 



n 



l<i<j<N 



m;p,Qf-'ll n r(t/'-W7^P,g) 

1=1 l<i,j<Nf 

T{UziZ~^,Uz~^zf,p,q) 
T{ziZ-^,z-^Zj;p,q) 



(9.3) 



Nf N 



N-l 



dzi 



X YlYlT{U{ST)l^s;'z„UiST)-^Uzr\p,q) J] 

i=l j=l j=l ^ 



where Y[f=i — ^■ 

An important fact is that these theories contain matter fields in the adjoint representation 
of the gauge group. The conjecture that Ie — Im (under appropriate contour separability 

constraints mentioned earlier) represents a new type of elliptic hypergeometric identities, which 
was not met earlier [89]. Therefore we describe in Appendix D the total ellipticity property 
hidden behind this identity. In the large N, Nf limit (with fixed N/Nf) the equality of Ie and 
Im was confirmed up to a few terms of the corresponding expansion in [26] using the method 
of [24]. 
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9.2. Two adjoint matter fields case. This duality was considered by Brodie and Strassler 
in [7, 8] . The electric theory is 





SU{N) 


SU{Nf) 


SU{Nf) 


U{1) 


Q 


f 


f 


1 


1 


Q 


7 


1 


7 


-1 


X 


adj 


1 


1 





Y 


adj 


1 


1 






IB 



U{1)r 



^ Nj{K+l) 

1 K 

^ N^{K+l) 



K+1 



The magnetic theory has the following matter field content 



Q 
X 
Y 
Mlj 



SU{N) 



f 
1 

adj 
adj 
1 



SU{Nf) 



f 
1 
1 
1 

/ 



1 

/ 
1 
1 

7 



N 
N 

_N 

N 







R 



N 



Nf{K+l) 
N 

N^{K+1) 



K+1 

r, _ 2N I 2L+KJ 
Nf{K+l) K+1 



Here K is odd, < L < - 1, J = 0, 1, 2, and 

TV = 3KNf - N. 
Corresponding electric superconformal index has the form 



m 



X 



T{Uz,z-\ Uzr'z,, U^/'z.:zr\ U^/'zr'zj;p, q) 



(9.4) 



(9.5) 



l<i<j<N 

Nf N 



N-l 



dzi 



2'nizj ' 



1=1 j=i j=i 

where IljLi % = 1-, U ~ {pq)^+^, and the balancing condition reads U^ST~^ — {pq)^^ with 
S — Ylfji Si, T — Yifji U. The magnetic index looks hke 

K-l 2 Nf 



Im — 



{p;pZ-\t,i)^ r(c/,c/f ;p,g)^-^ 111111 r(c/™/V7^P, g) 



L=0 J=0 i,j=l 



V{Uz,zj\Uzr^zfp,q)T{U^l^z,z-\U^lHr^z,;p,q) 
X / _ 11 — r^^l (9-6) 

T^-l., ^[ZiZ. ,Z^ Zj]p,q) 



l<i<j<N 



Nf N 



N-l 



dz-i 



xl[l[r{u'^iST)^srh„u'-^iST)-m.zr^;p,q) J] 

i=l j=l j=l ^ 



where H^i — ^- Again, the conjectured equality Ie = /m is a new type of identities requiring 
a rigorous proof. 

9.3. Generalized KS type dualities. These duahties were considered in [42]. 
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9.3.1. First pair of dual theories. Electric theory: 
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SU{Nf) 
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N 
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Q 
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1 


/ 





1 

N 
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X 
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1 


1 


2 

N 


2s 
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1 


-1 
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N 
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1 
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Magnetic theory: 
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Y 

M, 
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Pr 
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7 

Ta 
Ta 
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1 

7 
1 
1 
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N 
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N 

N-Nf 
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N 


1 


/ 


/ 





1 


Ta 


1 


-1 


1 


1 


Ta 


1 



f/(l) 



B 



N 

N 
2^ 

N 

_2^ 
N 







U{1) 



R 



Or' - 1 - ^+2^ 
^' ~ (/£+l)A'/ 

9„/ _ 1 _ N+2K 
- ^ {K+l)Nf 

2s- ^ 

^* ~ K+1 

2s = ^ 

K+1 
N-N+{2j+l)Nf 
Nf{K+l) 

N-N+{2r+2)Nf 

Nf{K+l) 
N-N+(2r+2)Nf 

Nf{K+l) 



Here j = 0, . . . , K, r = 0, . . . , K — 1, and 

TV = {2K + l)Nf -AK - N, X = 0,l,2,.... 

The electric index is 



Ie = 



AT-l 

oo 



TV! 



n 

l<i<j<N 
N-1 



dz. 



X 



i=l k=l 3=1 ^ 



where Il^Li — 1 ^^id ^ is an arbitrary parameter. The magnetic index is 

_Ff ■'V/ K-1 

/m = n n r((p?)^Sfet,;p,g) n n ^{U-^iPQ)^'SkSuU{pq)T^Hkti;p,q) 

j=Ok,l=l r=0 l<k<l<Nf 

(p;p)t\q;q)i-' r n mz,zj,U~\pq)^z-'zr';p,q) 



X 



Jyn-1 n 



l<i<j<N 



r(Zi ^Zj,ZiZ, ^•,p,q) 



N 



3 

N-1 



X 



YlYlT{{UU)h^'z,,{UU)-Hpq)i^H^'zr';p,q)Yl 



j=i k=i 



2T:izi ' 



where Hj^i = the balancing condition looks as ST = {pq)'^^ with S = 11^=1 -^i) 

_ iV-JVy ^ N-N+Nf 

Uj=itj, and [/ = {ST-^)n (pq) 2n(k+i) . 



N+2K 



rNf 
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9.3.2. Second pair of dual theories. Electric theory: 
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Magnetic theory: 
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Here j = 0, . . . , K, r = 0, . . . , K — 1, and 

N = {2K + l)Nf + 4:K - N, X = 0,l,2,.... 
The electric index is given by the integral 
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1, the balancing condition reads ST = (pq)^^ 



N-2K 

^+1 with S 



Ylf=itj, and [/ = [/" 



Vy. J N-N+Nf 

~{ST-^)N{pq) 2N(K+1) 



9.3.3. Third pair of dual theories. In comparison with the duahties described in previous two 
subsections, this case involves non-abelian flavor subgroups of different ranks. 
The electric theory: 
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The magnetic theory: 
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Here J = 0, . . . , 2is: + 1, L = 0, . . . , /sT, M = 0, . . . , /sT - 1, and 

TV = (AK + 3)(Nf-A)-N, K ^0,1,2,.... 

The electric index is 

{p;p)^-Kq;q)Z-' 
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with 11^=1 — 1 balancing condition 5'TC/ ^ = {pq) ^ ■^(k+i) ^ where 5" = Y\j=i^ii 

T — rij^r^ tj- The magnetic index is 
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9.4. Adjoint, symmetric and conjugate symmetric tensor matter fields. This duality 
was constructed by Brodie and Strassler [8]. The electric theory is 
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Here A' is odd, I = 0,1, . . . , K — 1, J = 0,1, ... , ^^-2^, but there are no fields Pk, Pk, and 

TV = SKNf + A-N. (9.15) 
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The indices are 
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where y = {ST)^/'^f , S = Ylfji Si, T = Ylfji U, X is an arbitrary chemical potential associated 
with the C/(l)-group, and the balancing condition reads U^~'^ST~^ — {pq)^' . 



9.5. Adjoint, anti-symmetric and conjugate anti-symmetric tensor matter fields. 

This duality was considered in [8] . The electric theory is 
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The magnetic theory is 
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Here is odd, / = 0, . . . , i^T — 1, J = 0, . . . , -^^j but there are no fields Pk-, Pk, and 

N = 3X^"/ -A-N. (9.18) 

The superconformal indices are 
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where 11^=1 — '^■,Y — (ST^^^f , S — YliJi T — ni=i '^ii ^ arbitrary parameter and 
the balancing condition reads U^'^'^ST~^ — {pq)^' . 
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9.6. Adjoint, anti-symmetric and conjugate symmetric tensor matter fields. This 
duality was discussed by Brodie in [8]. The electric theory is 



SU{N) 



SUjNf - 8) 



Uil] 



B 



X 

N 

_ J_ 

N 



_2_ 

N 

_2_ 

N 



R 



_ _ N+dK 

Nf(K+l) 
2 _ N-6K 



Q 
Q 

X 
Y 
Y 



f_ 

7 

adj 

T_A 

Ts 



f 
1 
1 
1 
1 



1 

/ 
1 
1 
1 



Xi 
X2 = 



— - 1 

Nf ^ 



Nf-S 





1 

-1 



2ri 
2r2 = 



K+l 

K 
K+l 



In the original paper [8] there were misprints for the values of C/(l)-group hypercharges which 
were corrected in [50] . The magnetic theory is 
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Here J = 0,1, . . . , K — 1 and 
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(9.21) 



The superconformal indices are 
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where Ilfci -^i = 1, ^ = {ST ^X"^^^ ^{pi) and the balancing condition reads 



2(K-'2.) , 



t/^x-^F-^^T = with s = n£i T = Yi7Jr U- 

The equahties = Im for all the dualities described in this section require a rigorous 
mathematical confirmation. For the moment we have only one justifying argument coming 
from the total ellipticity condition associated with the kernels of the corresponding pairs of 
integrals. 

10. KS TYPE DUALITIES FOR SYMPLECTIC GAUGE GROUPS 

10.1. The anti-symmetric tensor matter field. For SP{2N) group the following electric- 
magnetic duality was discovered by Intriligator in [41]. The electric theory: 
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The magnetic theory: 
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where j = 1, . . . , i^, and 

TV = K{Nf -2)-N, X = 1, 2, ... . 
Defining U — {pqY — {pq)^^ , we find the following indices for these theories 
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10.2. Symmetric tensor matter field. Another electric-magnetic duality is described by 
Leigh and Strassler in [54]. The electric theory: 
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The magnetic theory: 





SP{2N) 


SUi2Nf) 


U{1)r 


Y 

M2,+i, j = 0,...,X-l 


f 

adj 
1 
1 


f 
1 

Ta 
Ts 


2r-l 

^1 — J- (K+l)Nf 

^* - K+l 

0„ _ O 2(iV+l)-2iiV; 
^'2j— ^ (if+l)Ar/ 

O 2(Af+l)-(2i+l)JVj. 
^'^2j+l - ^ (ii-+l)7Vf 



Here 

TV = {2K + l)Nf - N -2, X = 0,l,2,.... 

1 

Defining 6'^ = {pqY = (pq) 2(^+1) , we find the following superconformal indices 

TiUz^'zf;p,q) 



(p-^P)^('i-^<i)^.riU;p,qr 



2^N\ 



n 



X 



AT 

n 



T(Uzf;p,q) 



2Af/ AT 



N 



dzi 



2T:\Zj 



(10.4) 



;i0.5) 



ELLIPTIC HYPERGEOMETRY OF SUPERSYMMETRIC DUALITIES 



37 



and 



K-l2Nf 



=0 l<i<j<2Nf 



X 



T{Uzfhf';p,q) 



1=0 1=1 1^i^1^^7" 



N -n/rr ±2 \ 2A^/ iV N , 



'i r(^^;P,.) 

where the balancing condition reads [/^(Ar+i) J|^^^ g. = [pq^ 



Nf 



(10.6) 



10.3. Two anti-symmetric tensor matter fields. This duality was investigated by Brodie 
and Strassler in [8]. The electric theory: 
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The magnetic theory: 
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Here K is odd and 
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For these theories we have the following superconformal indices 



(10.7) 



X 



1111 rr.±2.^ 11 



(10.8) 



l<i<j<N 



r{zt'zf;p,q) 



i=i,=\ r(^f;P,g) ^i27ri., 
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where U = the balancing condition reads U^'^'^^^^Y^^^i = ipi)'^^ ■, and 



K-1 2 ^2iVj. 
J=0 L=0 l<i<j<2Nf J=0 j=l 



(10.9) 



X 



l<i<j<N 



nn 

i=i j=i 



-j-j- dzj 



2TTiZi 



10.4. Symmetric and anti-symmetric tensor matter fields. This duahty was found in 
[8]. The electric theory: 





SP{2N) 


SU{2Nf) 




Q 

X 
Y 


f 

Ta 


f 
1 

1 


{K+l)Nf 

K+l 
K 

K + l 


The magnetic theory: 





SP{2N) 


SU{2Nf) 


U{1)r 


q 

X 
Y 

Mjo, J = 0,...,K-1 
M2J1, J = 0,...,^ 
M2J+1 1, J = 0,...,^ 
Mj2,J = 0,...,K-l 


f 

Ta 

Ts 
1 

1 

1 

1 


f 
1 
1 

Ta 
Ts 
Ta 
Ta 


1 N+2K-1 
^ {K-l)Nf 
2 

K+l 
K 

K+l 

N+2K+1 1 2J 
^ {K+l)Nj ' K+l 
N+2K+1 1 2(2J) 1 K 
^ {K+l)Nf ' K+l ' K+l 
Af+2X+1 1 2(2J+1) , K 
^ (K+l)Nf ' X+1 ' iiT+l 

N+2K+1 : 2J : 2K 

{K+l)Nf ' K+l ' K+l 



Here K is odd and 



N = 3KNf-4:K + 2-N. 
For these theories we have the following superconformal indices 



(10.10) 



2^N\ 



X 



/» n 



nVz^'zf, U^zthf';p, q) - r(C/f q) r(..^f ^p, g) 



l<i<j<N 



n 



« ±2 



(10.11) 



.±1., 



r(^f^;p,g) 



N 

n 



27ri2;o 
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where U = {pq)^+^ and the balancing condition reads JJ^'^^^ ^ Yl^i=( = ipq)^^ ■, and 



^ -'^ • J=0 L=0 l<i<j<2Nf 



X 



r{Uzt'z f,Ufz t'zf;p,q) 



;io.i2) 



xn 



l<i<jr<Af 

^ r([/f.f;p,g)n-r/r([/^-f.ri.±i;p,g) ^ 



r(^f;p,g) 



j=i J 



The equahties = Im for all the dualities described in this section represent new elliptic 
hypergeometric identities requiring a rigorous mathematical confirmation. 



11. Some other new dualities 



Let us denote 



{N+l)l J^^Yli 



nit ^ Ur=l r {trZ^ , Ur-Z;^ ^ "Q dZj 



l<i<j<N+ 



i=i 



2'jTiZi 



(11.1) 



with rijUi^ — 1 the balancing condition Hilt^ ^i'"* ~ {PlT^ 



ibCn 



itp^q) 



TT 



:il.2) 



with the balancing condition nr=i*'^^'' ~ {pqY- 

11.1. SU <H- SP groups mixing duality. The first case electric gauge group is G = SU{N + 
1), but the dual gauge group is of a different type G — SP{2N). The flavor symmetry group 
in both cases is F = SU{N + 3) x SU{N + 3) x U{1)b- The field content of dual theories is 
described in the tables below 





SU{N + 1) 


SU{N + 3) 


SU{N + 3) 


mB 


U{1)r 


Qi 

Q2 


/ 
/ 


/ 
1 


1 
/ 


2 
-2 


2 

N+3 
2 

N+3 




SP{2N) 


SU{N + 3) 


SU{N + 3) 




U{1)r 


Qi 

(l2 

Xi 

X2 


f 

f 
1 
1 


/ 

1 

Ta 
1 


1 

/ 
1 

Ta 


-{N + 1) 

N + 1 
2{N + 1) 
-2{N+1) 


2 
2 

N+3 
nN+1 
^N+3 
oN+l 



The superconformal indices are 

Ie — lAi^{tl, ■ ■ ■ , tN+3, Ui, . . . , Un+3',P, q), 

Im^ n r(r/t,i,-, u/uiu^-p, q)iBcA- ■ ■ {u/tY'% 



(11.3) 



...{T/Uf'^u, 

l<i<j<N+3 
ni<j<Af+3^« ^ ~ ni<i<Af+3 

The equality Ie = Im represents the mixed elliptic hypergeometric integrals transformation 
proven in [65] . We used this identity as a starting point for finding the described new Seiberg- 
type pair of field theories. 



where T 
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11.2. SU SU groups mixing duality. Again, we use consequences of the mixed transfor- 
mations derived in [65] . Corresponding dualities have the flavor symmetry groups 

F = SU(K) X SU(N + 2-K)x U(l)i x SU{K) x SU(N + 2-K)x U(l)2 x U(1)b, 

for arbitrary < K < N + 2. The matter fleld content of the initial electric fleld theory is given 
in the table 





SU{N) 


SU{N + 2) 


SU{N^ 


-2) 


U{1)b 




Qi 


f 


/ 


1 




1 


'2 

N+2 


Q2 


f 


1 


f 




-1 


2 

N+2 



In order to verify the 't Hooft anomalies matching conditions for relevant flavor symmetry 
subgroups, it is useful to rewrite the latter table as 





SU{N) 


SU{K) 


SU{M) 


mi 


SU{K) 


SU{M) 


U{-\-)2 


U{1)b 


U{1)r 




f 


f 


1 


M 


1 


1 





1 


2 

N+2 




f 


1 


/ 


-K 


1 


1 





1 


2 

N+2 




f 


1 


1 





/ 


1 


M 


-1 


2 

Af+2 


94 


f 


1 


1 





1 


/ 


-K 


-1 


2 

N+2 



where M — N + 2 — K. The dual theory content is described in the following table 





SUiN) 


SU{K) 


SUiM) 


U{l)i 


SUiK) 


SUiM) 


U(l)2 


Uil)B 


U{1)r 


12 
Q-i 
14, 
Xi 


7 

/ 

/ 

7 
1 


f 
1 
1 
1 
/ 


1 

/ 
1 
1 
1 


^(^J K + M 

K(K-2) 

N 
MK 

N 
-MK 
N 

M 


1 
1 

f 

1 
1 


1 
1 
1 

f 
f 


MK 

N 
-MK 
N 

^(^-2) K + M 

K(K-2) 
N 

-K 


1 - M 
1 - K 
M -1 
K - 1 



2 

N+2 
2 

N+2 
2 

N+2 
2 

N+2 

4 

JV+2 


X2 


1 


1 


/ 


-K 


f 


1 


M 





4 

JV+2 


Yi 


1 


7 


/ 


K-M 


1 


1 





N 


2JV 
JV+2 


Y2 


1 


1 


1 





7 


7 


K-M 


-N 


2JV 
JV+2 



The superconformal indices have the form 

Ie = lAM-i{tl, ■ ■ .,tN+2,Ui, . . .,UN+2;p,q), (11-4) 

Im = JJ^ r(^r''^S) ts'^rj T/tgtr, U / 'Ut.Us)Ian-i {^li ■ ■ ■ i '^N+2i '^li ■ ■ ■ i '^N+2'iPi 

l<r<K,K<s<N+2 

where T = H^^i^ ^r, U = H^^^ Ur, Tk = H^i ^r, Uk = H^i ^r, and 

< = {T/U)'^{TK/UKf"'ur, l<r<i^ + l, 
= {U/T)^{TK/UKy^''tr, K + l<r<N + 2, 

< = {U/T)'^{Uk/TkY'''U, l<r<X+l, 

= {T/U)^{UK/TKf^^Ur, K + l<r <N + 2. 

The equality Ie — Im ior K = 1 was suggested in [83] and the general relation with the 
complete proof for arbitrary K is given in [65]. 

12. ^'-CONFINEMENT 

Following [15, 16, 76], by s-confinement we mean smooth confinement without chiral symme- 
try breaking and with a non-vanishing confining supcrpotential. The theory is confined when 
its infrared physics can be described completely in terms of gauge invariant composite fields and 
their interactions. This description has to be valid everywhere in the moduli space of vacua, 
s-conflnement requires also that the theory dynamically generates a conflning supcrpotential. 
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Furthermore, the phase without chiral symmetry breaking imphes that the origin of the classi- 
cal moduli space serves also as a vacuum in the quantum theory. In this vacuum all the global 
symmetries present in the ultraviolet regime remain unbroken. Finally, the confining super- 
potential is a holomorphic function of the confined degrees of freedom and couplings, which 
describe all interactions in the extreme infrared. From the point of view of elliptic hypergeo- 
metric functions the s-confinement means that the dual theory gauge group is trivial G — 1 
(i.e., there is no vector superfield V) and the integrals describing superconformal indices are 
computable exactly, defining highly non-trivial elliptic beta integrals [81]. 



12.1. SU{N) gauge group. In this section we present known examples of the confining theo- 
ries with the unitary gauge group. For brevity we combine the electric and magnetic theories 
in a single table separating them by the double line. The magnetic theory fields are denoted 
using the conventions of [15] . 



12.1.1. SU{N) with{N + l){f + f). [76] 





SU{N) 


SU{N+1) 


SU{N + 1) 


^(1) 


U{1)r 


Q 
Q 


f 
f 


f 
1 


1 

/ 


1 

-1 


1 

N+l 
1 

N+l 


QQ 




/ 
/ 
1 


f 
1 

7 




N 
-N 


2 

N+l 

N 
N+l 

N 
N+l 



The superconformal indices for these theories are equal to (after appropriate renormalization 
of the parameters) 



\N-l(^. ^\N-1 
loo 

N\ 

N N+l 



l<j<k<N 

N-l 



j=l m=l j=l 



(12.1) 



where Y[f=i = 1) 



iV+l 



7V+1 



Im ^ YlT{SsJ,TtJ;p,q) JJ T{sktm;p,q), 



m=l 



k,m=l 



[12.2) 



where S — Y[m=i "^m, T = Y[m=i ^m, with the balancing condition ST = pq. 

The exact evaluation formula for the integral 1^ = Im was conjectured and partially con- 
firmed in [83]. Its complete proofs are given in [65, 86]. In the simplest p ^ limit it is reduced 
to one of the Gustafson integrals 



12.1.2. SU{2N) with Ta + 2N f + 4/. The theory with G = SU{2N) gauge group and fiavor 
group F = SU{2N) x SU{A) x C/(l)i x C/(l)2 was found to be confining in [62, 64]. The field 
content of both theories is described in the table below 
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SU{2N) 


SU{2N) 


SU{4) 


mi 


m2 


mn 


Q 


f 


1 


f 


-2N 


-2N + 2 


1 

2 


Q 


f 


/ 


1 


4 


-2N + 2 





A 


Ta 


1 


1 





2N + 4: 





QQ 




/ 


/ 


A-2N 


-AN + A 


1 

Z 


AQ^ 




Ta 


1 


8 


-2N + 8 









1 


1 





2N^ + AN 





A^-^Q^ 




1 


Ta 




2N^ - 2N 


1 






1 


1 


-SAT 


2N^ - SN 


2 






1 


1 


8N 


-AN^ + AN 






We come to the following integrals describing the superconformal indices 



lE 



(2A^)! 

2N 2N 



2N-1 
oo 



r{tZiZj;p,q) 



l<j<k<2N 



J 

2N-1 



^\{\{^{tkZ-'\p,q)\{T{siZy,p,q) \[ 



dzi 



with 1 Zj 



1, and 



j=i k=i 



2N 



i=l 



2mzi ' 

3=1 ^ 



<k<2N k=li=l ^ iP-iH) i<j<^<4 

n4 Tr2iV 
,=1 s„ T = n, 



;i2.3) 



with the balancing condition t^"^ '^ST = pq, where S = Y[t=i 

Equality Ie = Im defines the elliptic beta integral introduced in [83]. It represents an elliptic 
extension of the Gustafson-Rakha g-beta integral for odd number of integration variables [38] . 



12.1.3. SU{2N + 1) with Ta + (2A^ + 1)/ + 4/. These dual models were considered in [62, 64]: 





SU{2N+l) 


SU{2N + 1) 


SU{A) 






U{1)r 


g 


f 


1 


f 


-2A^- 1 


-2N + 1 


1 

2 


g 


f 


/ 


1 


4 


-2N + 1 





A 


Ta 


1 


1 





2N + 5 





QQ 




/ 


/ 


3 - 2iV 


-AN + 2 


1 

2 


AQ^ 




Ta 


1 


8 


-2N + 7 





A^'Q 




1 


/ 


-2Ar- 1 


2N^ + 3iV + 1 


1 

2 


A^-ig3 




1 


/ 


-6A^-3 


2N^ -3N -2 


3 

2 






1 


1 


8N + 1 


-IN- + 1 






The indices have the form 



IE 



2N 
oo 



(2Ar+ 1)! 

2Ar+l 2Af+l 



12N 



n 



l<j<k<2N+l 
4 



T{tZiZj;p,q) 
T{ziZj^,zl^Zj-p,q) 



2N 



dzi 



j=l k=l 1=1 3=1 ^ 



(12.5) 
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with nj=i^^ ^3 — 1' 

2N+1 4 4 T-,/.JV 



i<j<fe<2Ar+i fe=i i=i i=i ^ uP^yJ 



where the balancing condition reads t^^~^ST = pq and T = Y[k=i^ ^k, S = Y[t=i ^k- 

The equahty Ie = Im was also suggested in [83] as an elliptic extension of the Gustafson- 
Rakha g-beta integral with an even number of integrations [38] . 



12.1.4. SU{2N + l) withTA + TA + 3f + Sf. Models [16]: 





SU{2N + 1) 


SU{3) 


SU{3) 










Q 


f 


f 


1 





2N-1 


1 


3 


Q 


f 


1 


/ 





2N-1 


-1 


1 
3 


A 


Ta 


1 


1 


1 


-3 








A 


Ta 


1 


1 


-1 


-3 








Q{AA)''Q 




f 


/ 





m -2-6k 





2 

3 


A{AA)''Q^ 




Ta 


1 


-1 


iN -5-6k 


2 


2 

3 


A{AA)''Q^ 




1 


Ta 


1 


m-5-6k 


-2 


2 


A^Q 




/ 


1 




-N-1 


1 


? 
3 






1 


/ 




-N-1 


-1 


1 

3 


A^-'Q^ 




1 


1 


N-1 


3N 


3 


1 


A^-'Q^ 




1 


1 


-N+1 


3N 


-3 


1 


(AA)"" 




1 


1 





—6m 









where k = 0, . . . , N — 1 and m = 1, . . . ,N. 
The superconformal indices are written as 



T{UziZj,VZi^Zj^;p,q) 

l<i<j<2N+l 



{2N + 1)! r(2i^. \ Zi ^Zj;p, q) 



3 2Ar+l 



2N 



JJ JJ T{siZj,tiZ^]p,q)Y\^ 



dzj 
2mz.i ' 



N 



[12.7) 



where 11^=1^^ — ^^<i 

3 

Im ^\{V{U''si,V''ti,p,q)V{U''-^s^S2S^,V''-H,hh-,p,q)\[V{{UVy^ 

i=i j=i 

N-1 3 

[nr((^^)'^.^fe;p>5) n nv{uvys,sk,u{uvyutk-p,q)'\, (12.8) 

j=0 i,k=l l<i<k<3 

where the balancing condition reads {UVy^^^ 11^=1 ^i^i ~ P^- 

The equality Ie = Im was derived by Spiridonov in [83] by purely algebraic means as a 
consequence of other elliptic beta integrals. In the simplest p — > hmit it reduces to Gustafson's 
g-beta integral for the root system A2N [37] . 
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12.1.5. SU{2N) with Ta + Ta + ^J + Sf. For N > 2 the models have the form [16]: 





SU{2N) 


SU{3) 


SU{3) 




U{1)2 


U{1)b 


U{1)r 


Q 


f 


f 


1 





2N -2 


1 


I 

3 


Q 


f 


1 


f 





2N -2 


-1 


1 
3 


A 


Ta 


1 


1 


1 


-3 








A 


Ta 


1 


1 


-1 


-3 








Q(AA)^Q 




/ 


/ 





AN -A- 6k 





2 
3 


A(AA)"'Q^ 




Ta 


1 


-1 


AN -7 -6m 


2 


2 
3 


aIaa^'^q^ 




1 


Ta 


1 


AN -7 -6m 


-2 


2 
3 






1 


1 


N 


-3N 












1 


1 


-N 


-3N 








A^-'Q^ 




Ta 


1 


N-1 


N-1 


2 


2 
3 






1 


Ta 


-N + 1 


N-1 


-2 


2 

3 


{AAY 




1 


1 





-6n 









where k — 0,...,N — l,m — 0,...,N — 2 and n — 1, . . . , N — 1. For N — 2 the flavor group 
is enlarged to F = SU{3) x SU{3) x SU{2) x U{1)2 x U{1)b, and the fields A, A unify to the 
SU(2)-grovLp doublet. 

The expressions for the superconformal indices are 

T{UziZj,Vzr^zr^;p,q) 



IE 



{2N)\ 



2N-1 
oo 



n 



2N 3 



i<i<j<2N 
2N-1 



(12.9) 



x 



dzi 



j=i i=i 



2'K\Zj 
1 



with 11^=1 = 1) 



N 



l<j<fc<3 j=l i,fe=l 

N-1 N-2 

xl[r{{uvy;p,q)l[ H r{v{uvys,sk,u{uvyuh;p,q), (12.10) 



j=0 l<i<k<3 



where the balancing condition reads (f/V)^^"^ nj=i -^iti = PQ- The equality Ie = Im was also 
derived in [83] as a consequence of some other elliptic beta integrals. In the simplest p ^ 
limit, it reduces to one of Gustafson's integrals for the root system A2N-1 [37]. Similar to 
the case of non-confining Nf — A dualities described earlier, a careful examination of the limit 
V 1 (or [/ — )■ 1) shows that the equality of superconformal indices in this case reduces to 
the equality of S'P(2A^)-group confining duality indices discussed in [91]. This means that the 
elliptic Selberg integral introduced in [19] (see integral (12.35) and its evaluation (12.36) below) 
is a hmiting case of Spiridonov's A^-eUiptic beta integral. This result could have been expected 
since the computation of the latter integral in [83] used the elliptic Selberg integral. 

12.1.6. SU{KNf - 1) with Nff + NfJ+ lad]. Taking N = KNf - 1 in (9.1) (or, N = 1), we 
find the s-confining dual theory discussed in [14]. The field content of these theories is easily 
found from the tables given in Sect. 9.1. Namely, in the electric theory one should fix N as 
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described; on the magnetic side one should keep all the mesons and baryons and set = 1 in 
the gauge group part. Therefore for this case the superconformal index for the electric theory 
is given by (9.2), and the magnetic superconformal index takes the form 

K Nf 

Im^YI n nu'-'sitj';p,q)l[r{U{ST)^sr\U{ST)-^U;p,q), (12.11) 

1=1 l<i,j<Nf i=l 

where U = (pq)^^ , S = Y[j'=i "^j; ^ = Ilj^i tj, and the balancing condition reads U'^^^f~'^ST~^ = 
{pq)^f. 

For K — 1 one obtains the known A^v-root systems integral of type I from Sect. 12.1.1. 
The conjecture Ie = Im for X > 1 represents a new elliptic beta integral requiring rigorous 
mathematical justification. 

12.1.7. SU{3KNf - 1) wtth Nff + NfJ +2adj. If we set = 3KNf - 1 in (9.4), then we 
obtain the s-confinement discussed in [50]. The superconformal index for the electric theory is 
given by (9.5), and the magnetic superconformal index takes the form 

lM-liflT{U^^^'/\tj'-,p,q) 

L=0 J=0 

Nf 

X l[T{u'^{ST)^sr\u'^{ST)-^ti;p,q), (12.12) 

i=l 

where U = (pq)^^ , S — Hj^i^j, T — Y[J=i^jj balancing condition reads ST"^ — 

[pq)^f . The equality Ie — Im a new conjectural elliptic beta integral. 

12.1.8. SU{{2K + l)Nf-4:K-l) with Nff + Nj + 2Ta. li we set N = {2K +l)Nf - AK - 1 
in (9.7), we obtain the s-confinement discussed by Klein in [50]. The electric superconformal 
index is given by (9.8), and the magnetic superconformal index takes the form 

K Nf ^ ^ 

/M = n n '^iiP<l)^'Sktv,P,q)X[T{{UUY^sl\{UU)-'^{pq)^H-^^-p,q) 

j=0 k,l=l k=l 
K-1 

xJI n nU-\pq)^^SkSi,U(PQ)^'tkti;p,q), (12.13) 

r=0 l<k<l<Nf 

^ l-KNf+2K 

where U is an arbitrary parameter, U = U'^^^f~*^~^ST~^{pq) k+i ^ g = J^^-^^Sj, T — 

rij^i^j) and the balancing condition reads ST = {pq)^^~ . 

For K = Q the parameter U drops out, and one obtains the integral discussed in Sect. 12.1.1. 
The general X > conjecture Ie — Im represents another new eUiptic beta integral. 

12.1.9. SU{{2K + l)Nf + AK-l) with Nff + NfJ +2Ts. liwe set N ^ (2K + l)Nf + AK -1 
in (9.9), we obtain again the s-confinement [50]. The corresponding electric superconformal 
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index is given by (9.10), and the magnetic superconformal index takes the form 

K Nf 

lM = r{U,U-\pq)i^^;p,q)l[ H Ti{pq)i^^Skti;p,q) (12.14) 

j=0 k,l=l 

K-1 

n ^U~^iPQ)^'SkSi,Uipq)T^Hkti;p,q) 

r=0 l<k<l<Nf 
Nf K-1 ^ 

^^\^W-\v(i)^'sl,lJ{pq)T^Hl-p,q)Y{{lJlJ)\^^^^ 

fe=l r=0 

_ \-KNf-1K „ 

where V = U^^^f+'^^-^ST'^pq) , S = Ujli^j, T = Uj=itj, and the balancing 

condition reads ST = ipq)^^~^^^ ■ 

Presently the conjecture Ie — Im is confirmed only for X = 0, which reduces again to the 
integral of Sect. 12.1.1. 



12.1.10. SU{{AK+Z){Nf-A)-l) with Nff+{Nf-S)f+TA+Ts. If we take = (4i^+3)(A^/- 
4) — 1 in (9.12), we obtain the s-confinement [50]. The corresponding electric superconformal 
index is given by (9.13), and the magnetic superconformal index takes the form 

2K+1 Nf Nf-8 

/m = n n n n{pQ)^sitf,p,q) (12.15) 

J=0 i=l j=l 

2K K Nf 

X n n ^iiP<l)^U-'s,s,;p,q)lll[r{{pq)^U-'sl,p,q) 

1=0 l<i<j<Nf 1=0 i=l 

2K K-lNf-S 

X n n r((p?)mw,;p,?) n n mpQ)^utip,q) 

m=0 l<i<j<Nf-8 m=0 i=l 

Nf Nf-S 

xr{U-\pq)^;p,q)Y[T{{UU)h^';p,q) J] r{{UU)-^pq)^t^';p,q), 



k=l 1=1 



where U — [S^U'^ jv the balancing condition reads 

Nf 

{ (4K+3)(JVi-4) + l 

U'^Hsjtj = {pqf'-^ . 

The equality Ie — Im represents another conjectural new elliptic beta integral. 



12.1.11. SU{3KNf + 3) withNff + Nff + adj + Ts + Ts. If we take = 3XA^/ + 3 for X-odd 
in (9.15), we obtain again the s-confinement [50]. The corresponding electric superconformal 
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index is given by (9.16), and the magnetic superconformal index is 
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K-l Nf 

L=0 i,j=l 

K-1 

X J] H r{{XY)-^U''+''^^SiSj,XYU''+''/HrHj';p,q) 

J=0 l<i<j<Nf 

^ Nf 

X II l[ri{XY)-'U^'+''/hlXYU^'+''/Hf;p,q) 

J=0 1=1 
Nf 

_ , ^ 3ifJVf+4 OR-, , 3ifJVf+4 

X J]r([/^x^^/+V^^s-\c/^x-(^^/+2)y — (12.16) 

where U = (pq)^^, Y = {STY^^f , S = YlfJi T = YlfJi ^ii ^ is an arbitrary parameter, and 
the balancing condition reads U^~'^ST~^ — {pq)^^ . Again, the proof of the general equality 
Ie = Im is absent. 



12.1.12. SU{3KNf - 5) wzth Nff + Nff + adj + Ta + Ta- If we take N = ZKNf - 5 for 
X-odd in (9.18), we obtain the s-confinement [50]. The corresponding electric superconformal 
index is given by (9.19), and the magnetic superconformal index takes the form 

K-1 Nf 

/m = n n r(t/^+^siV\t/^sit7^p,g) 

L=0 ij=l 

n mXY)-'U'^^/'s,Sj,XYU'^^/H-h-';p,q) 

J=0 l<i<j<Nf 

^Nf 

X n n r((Xr)-^t/2^+^+^/24, XYU''+'+''/Hf; p, q) (12.17) 

J=0 i=l 
Nf 

. , fc- 3XJVf-4 9 j<- , , 3KNf-4 

X H r(c/^x^^/-2y ^^sri, c/2^x-(^^/-2)y — ^t,; p, q), 

1=1 

where U = {pq)^^ , Y = {ST^^^^ , S = YlfJi ^i, T = YifJi ^ii ^ is an arbitrary parameter, and 
the balancing condition reads U^~'^ST~^ = {pq)^^ . No proof of the equality Ie = Im is known 
at present. 



12.1.13. SU{N) withNff + {Nf-8)f + adj + TA + Ts. If we set = 3X(A^/ -4) - 1 in (9.21), 
we obtain the s-confinement [50]. The corresponding electric superconformal index is given by 
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(9.22), and 

K-l Nf Nf-8 



L=0 i=l j=l 
K-l 

X 

J=0 l<i<3<Nf 



n[ n n{XY)-^U'+^/h,s,-p,q) n r(XFt/^+^/%t,;p,g)] (12.18) 

l<i<j<Nf-8 



N 



Nf-8 



i=l 



k=l 



where U = (pg)^+i, the balancing condition reads U X ^Y '^ST — {pq) f with 5" = 



N, 



Y = X'{ST-\pqf-^^''^~' 



Equahty of indices defines another unproven eUiptic beta integral evaluation. 

12.1.14. New confining duality. Let us take the electric and magnetic Af — 1 superconformal 
field theories described by the tables below 





SU{N + 1) 


SP{2N) 


SU{N + 3) 


U{1) 


U{1)b. 


Qi 


f 


1 


/ 


1 





Q2 


f 


/ 


1 


N+3 


1 


X 


Ta 


1 


1 


N + 3 





q2 = Q1Q2 




1 

/ 


Ta 
f 


N + 1 

N+l 
2 




1 



The dynamically generated superpotential in this case is Wdyn oc Qi'^^{QiQ2y 
The indices read 



n 

l<i<j<N+l 



{N + 1)! JjN r{ziZj \ ^Zj]p, q) 



N+l T-rAT 



mil r(4%;p, q) r(s^^. ^■p^q)SL dz. 



N 



n 



2TTiz.j ' 



;i2.19) 



where — 1> ^"^^ 



N N+3 , s 
k=lm=l ^ y^^k^rn ,P,q) i<i<m<N+3 



;i2.20) 



with the balancing condition S = Y[m=i ^ 



m=l -^m- 



The elliptic beta integral described by the equahty Ie = Im was discovered by the first 
author and Warnaar in [93] . Here it defines a new pair of = 1 supersymmetric quantum field 
theories dual to each other, which was not considered earlier in the literature. Moreover, it 
gives a counterexample to the classification of s-confining theories in [15]. Conjecturally, there 
exists a symmetry transformation for a higher order generalization of Ie depending on the 
bigger number of parameters. Correspondingly, there should exist a more complicated Seiberg 
duality as well. 
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12.2. Exceptional cases for unitary gauge groups. 

12.2.1. SU{6) with 4/ + 4/. The following pair of models was constructed in [16]: 
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bU [b) 


SU[4:) 


SU[4:) 


r 7"/ 1 \ 

U{l)i 


U{1)2 


U{1)r 


Q 


£ 

J 


£ 
J 


1 

1 


i 


Q 


i 


Q 


f 


1 


f 


-1 


3 


1 


A 
/i 


T' 


1 
i 


1 
i 


u 


A 

-4 


-i 


Mo = QQ 




/ 


/ 





6 


2 


M2 = QA^Q 




/ 


/ 





-2 





Bi = AQ^ 




/ 


1 


3 


5 


2 


Bi = AQ^ 




1 


7 


-3 


5 


2 


B, = A^Q^ 




7 


1 


3 


-3 





B, = A'Q^ 




1 


7 


-3 


-3 





T^A"^ 




1 


1 





-16 


-4 



Their superconformal indices read 



6! 

6 4 



;i2.2i) 



X 



i=i fc=i 



where J| 



6 

3=1 ^3 



1, and 

4 

Im = T{U'^;p,q) Yl ^{skthU^Skti;p,q) 

k,l=l 

4 

X J] r(5C/s,-\ 5C/=^s^\ TUt^\ TU%';p, q) 



(12.22) 



fe=i 



with S = nt=i -^fej T = nt=i ^fc' ^'^'-^ balancing condition STU^ = pq. 

There is actually a lift of this duality to interacting magnetic theories found in [17]. The 
theory is self-dual and is based on SU (6) gauge group and the flavor symmetry group is 

F = SU{6) X SU{6) X U{l)i X U{l)i. 

The matter content of the dual theories is given in the following tables: the electric theory 





SU{6) 


SU{6) 


SU{6) 








Q 


f 


f 


1 


1 


1 


1 

2 


Q 


f 


1 


f 


-1 


1 


1 
2 


A 


T3A 


1 


1 





-2 






and the magnetic theory 





SU{6) 


SU{6) 


SU{6) 


mi 


m2 


mR 


q 


f 


f 


1 


1 


1 


1 
2 


q 


f 


1 


7 


-1 


1 


1 
2 


a 


T3A 


1 


1 





-2 





Mo 


1 


f 


/ 





2 


1 


M2 


1 


f 


/ 





-2 


1 
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The electric superconformal index is 

{p;p)L{q;q)L f Ui<i<j<k<6'^{UziZjZk;p,q) 



6 6 5 , 



X n n ^^^J'■^p^ n (12.23) 
1=1 j=i j=i ^ 



and the magnetic index is 



= [[ r{Sitj,U Sitj;p,q) 

f ni<.<,<.<6 riUz,z^z,-p, q) ^ ^ ^ ^ c^^. 

where 5* = 11^=1' ^ — 11^=1 ^j^ balancing condition reads STU^ — {pq)^. 



12.2.2. SU{5) wzth3TA + 3f. Models [16]: 





SU{5) 


SU{3) 


SU{3) 


U{1) 


U{1)r 


Q 


f 


1 


f 


-3 


2 

3 


A 




f 


1 


1 





AQ' 




f 


f 


-5 


4 






Tas 


f 





3 


A' 




Ts 


1 


5 






Indices: 
with Y[^=i = 1' 

3 

/m= n l^(^^^^r';P>?) n r(5s,Sifc;p,g) (12.26) 

k,l=l l<j<k<3 

3 3 3 

X l[r(Ssf,p,q) H ^(4s,•^^;p,g)ll^(5^^;p,g)^ 

j=l k,j,l=l;k^j 1=1 

where S = 11^=1 Sk, T = 11^=1 ^fc, and the balancing condition reads S^T = pq. 



12.2.3. SU{5) with 2Ta + 4/ + 2/. Models [16]: 
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SU{5) 


SU{2) 




SU{2) 


mi 


m2 


mR 


Q 


f 


1 


1 


f 


-2 


1 


3 


Q 

A 


f 

Ta 


1 
/ 


/ 
1 


1 
1 


1 



1 

-1 


1 
3 



QQ 




1 


/ 


/ 


-1 


2 


2 
3 


AQ^ 
A^Q 




/ 

Ts 


Ta 
1 


1 
/ 


2 
-2 


1 

-1 


2 

! 

3 


A^Q 




f 


/ 


1 


1 


-2 


1 
3 


A^Q^Q 




1 


/ 


1 


-3 


1 


1 



Indices: 



(p;p)i>(?;?) oo 



IE 



5! 

5 4 



J4 



n 

l<i<j<5 



T{ziZj ,z^ Zj;p,q) 



dzi 



X 



n n '"'^^'^p^ ^) n 



j=i k=i 



3=1 



with = 1) 



4 2 



-^M ^YlT{SUtk;p,q)YlYlT{tkUi,StkSi;p,q)Ylr{Suk;p,q) 

k=l k=l 1=1 k=l 

2 2 

X n ^(^^^-^'^'^^n n ^(^ktitm;p,q), 

k,l=l k=l l<l<m<4 

where the balancing condition reads S^TU — pq and 5" = 11^=1 ^k-, T — Y\m=i ^k, 
12.2 A. SU(6) with2TA + f + 5f. Models [16]: 





SU{6) 


SU{2) 


SU{5) 


mi 


m2 


U{1)r 


Q 


f 


1 


1 


-5 


-4 





Q 

A 


f 

Ta 


1 
/ 


/ 
1 


1 



-4 
3 




1 

4 


QQ 




1 


/ 


-4 


-8 





AQ' 
A' 




/ 

^35 


Ta 
1 


2 



-5 
9 


1 

4 


A^QQ 




/ 


./ 


-4 


1 


3 
1 


A'Q' 




1 


Ta 


2 


1 


1 



Indices: 



6! 



r{UziZj;p,q) 

6 5 



n 



n ^i^i^J^k;p,q)l[l[T{t,z-';p,q)l[ 



1=1 l<j<k<6 



j=l k=l 



j=l 



2'K\Zi ' 
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with nLi — '^1 ^^'^ 



2 5 



lM^llr{Utk;p,q)l[l[r{SUsktj;p,q)l[ J] r(sktjti;p,q) 

k k=lj=l k=ll<j<l<5 

2 

X Yl ^iSHjtk;p,q)Y[T{s^j,Ssj;p,q), 

l<j<k<5 j=l 

where the balancing condition reads S^TU — pq and 5" = 11^=1 ^k-, T — 11^=1 ^k- 
12.2.5. SU{1) with2TA + 6f. Models [16]: 



(12.30) 



Q 

A 



SU{7) 



f 

Ta 



SU{2) 



f 



f 

Ts 



SU{6) 



f 

1 



Ta 
f 



-7 
7 



R 



1 

3 





Indices: 



-If, — — 



7! 



n 

l<i<j<7 



(12.31) 



2 6 7 6 

^ n n r(sfe2;i2;j;p,g) JJ JJr(tfc2;7i;p,g) 

k=l l<i<j<7 k=l j=l j=l 



dZj_ 

2T:\Zi 



with nj=i -^i = 1) ^iid 



6 2 



lM = \[nS%]p,q)\[X[V{Ssitk-p,q)\[ n T{sktitm\P,q), (12.32) 

k=l k=ll=l k=ll<l<m<6 

where the balancing condition reads S^T = pq and S = nfc=i ^k, T = 11^=1 ^k- 

All the equalities of superconformal indices of dual theories, Ie = Im, described in this 
section represent new elliptic beta integrals requiring a rigorous proof (the parameter values 
are assumed to guarantee that only sequences of poles of the integrands converging to zero are 
located inside the contour T). 

12.3. Symplectic gauge group. 

12.3.1. SP(2N) with (2N + A)f. Models [43]: 





SP{2N) 


SU{2N + 4) 


U{1)r 


Q 


f 


/ 


2r - ^ 

^' ^ N+2 






Ta 


2r - ^ 

^' ~ N+2 



Indices: 



{p;p)^{q; q)^ 



2^N\ 



n 

\<i<j<N 



jjn„.. r(t,„., (12.33) 



and 



l<m<s<2N+i 
2iV+4 . 



(12.34) 



where the balancing condition reads nm=i — pq- 
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The equality Ie — Im was introduced and partially justified by van Diejen and the first 
author in [19] and completely proven in [65] and [83] . Its simplest p — >■ limit yields one of the 
Gustafson g-beta integrals [35] . 



12.3.2. SP{2N) with 6/ and Ta- This duality was considered in [12, 18]. The fiavor symmetry 
group is F = SU{6) x U{1) and the field content is 





SP{2N) 


SU{6) 


U{1) 




Q 


f 


f 


N-1 


2r = i 


A 


Ta 


1 


-3 









1 


-3k 





QA^Q 




Ta 


2(iV- 1) -3m 


2 
3 



where k — 2, . . . , N and m — 0, . . . , N — 1. 

The electric superconformal index is given by the integral 



N i-r6 



n 



(12.35) 



X 



Y^Yrm=i^{tmzf;p,q) ^ 



nzf;p,q) 



and the magnetic index is 



N N 
3=2 3=1 l<m<s<6 



(12.36) 



where the balancing condition reads 11™=! ^rn = PQ- 

The equality Ie = Im coincides with the elliptic Selberg integral suggested by van Diejen 
and the first author in [19] and proven in [20] as a consequence of the fiCn-clliptic beta integral 
of type I (its direct proof is given also in [65]). The Selberg integral plays a fundamental role 
in mathematics and mathematical physics because of a large number of applications [30] . Note 
that this exactly computable integral gives a confirmation of the KS duality for the special 
values of parameters Nf = 3, K — N. 



12.3.3. SP{2M) + 4/ + 2Mf + Ta- This new confining duality is obtained from the results of 
Sect. 7 by formal setting N — {). The models are described in the table 





SP{2M) 




SP{2k) 


SP{2h) 




SP{21k) 


U{1) 


V{X)r 




f 


f 


1 


1 




1 


M-2 
4 





Qi 


f 


1 


/ 


1 




1 


n\ 
2 


1 


Qi 


f 


1 


1 


/ 




1 


"2 
2 


1 


Qk 


f 


1 


1 


1 




/ 


UK 
2 


1 


X 


Ta 


1 


1 


1 




1 


1 









Ta 


1 


1 




1 


• M-2 
J 2 









f 


/ 


1 




1 


M-2 ni 1 u 
4 2 + '^1 


1 


W1Q2X''' 




f 


1 


/ 




1 


M-2 ni 1 u 
4 2 + 


1 


WiQkX^'< 




7 


1 


1 




/ 


M-2 UK 1 ; 
4 ^ f^K 


1 



54 V. P. SPIRIDONOV AND G. S. VARTANOV 

where j — 0, . . . , M — 1, ki — 0, . . . ,ni — 1 for any i — 1, . . . , K , rii ^ n2 ^ ■ ■ ■ ^ uk and 
Y:tikni = M. 

The superconformal indices have the form 

,,.(MMr(,p,,)-/ n ^^h^ (12.37) 



r(^f ;p, nti nLi r(t-^ 27riz, 



and 



M-l 



/«=n n r(fW;p..)nnnn 'g;;C£!:;p:;' - 

i=0 l<fc<r<4 fe=l r=l i=l fe^=0 ^ Kr,iifiij 

where the balancing condition is nr=i = t^'^^ ■ The equality J^; = Im was conjectured in [68] 
and proven in [9]. This duality gives another example of s-confining theories missed in [15]. 

12.3.4. SP{2K{Nf - 2)) with Nff + Ta- This duality was considered in [14, 50]. Prom (10.1) 

we see that the choice = K{Nf — 2) yields N = 0, and the theory is s-confining. The field 
content of the electric and magnetic theories is easily found from the tables given in Sect. 10.1. 
For brevity we skip the electric superconformal index given by (10.2), and present directly the 
magnetic index 

K 

lM^r{U;p,q)-'l[ n r(C/'-^s,s,;p,g), (12.39) 

1=1 l<i<j<2Nf 

where U = (pq) k+i and the balancing condition reads U^^'^f~'^^ Y[i={ = ipq)^^ ■ The con- 
jecture Ie = Im represents a new elliptic beta integral. For K — 1 ii reduces to the proven 
relation of Sect. 12.3.1. 

12.3.5. SP{2{Nf-2+2KNf)) with Nff +Ts. Looking at (10.4) and fixing iV = Nf-2+2KNf, 
we obtain the s-confining theory which was considered in [14, 50]. The corresponding electric 
superconformal index is given by (10.5), and the magnetic index takes the form 

K 

Im = 1[ n ^iU'siSf,p,q) (12.40) 

/=0 l<i<j<2Nf 

K-1 2Nf 

X n n r(t/(W2,^,^..^^^)-Qr(t/(W2,±2.p^^)^ 

/=0 l<i<j<2Nf i=l 

where U = (pq) k+i and the balancing condition reads u'^^f-'^+^^'^f Y[^^( Sj = (pq)^^ ■ The 
conjecture Ie = Im represents a new elliptic beta integral. 

12.3.6. SP{2{3KNf-4:K-2)) with Nff +2Ta. Looking at (10.7) and fixing iV = SKNf-AK- 
2 for odd K, we obtain the s-confining theory which was considered in [50]. The corresponding 
electric superconformal index is given by (10.8), and the magnetic index takes the form 

K-1 2 ^2iV^ 

Im = nU,U^;p,q)-' J] 11 11 r(C/-^+^s,s,;p, g) J] l[r{U'-^^'-^^sf,p,q), (12.41) 

J=0 L=0 l<i<j<2Nf J=0 3=1 
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where U = and the balancing condition reads U^^^f ^11^=/ = {Pl)^^ ■ Rigorous 

justification of the expected equahty Ie — Im is absent at the moment. 

12.3.7. SP{2{3KNf - AK + 2)) with Nff + Ts + Ta- Looking at (10.10) and fixing N = 
3KNf — AK + 2 for K odd, we obtain the s-confining theory which was considered in [50]. The 
corresponding electric superconformal index is given by (10.11), and the magnetic index has 
the form 

K-l 2 ^2Ar^ 

Im = m;P,Q)-' n n n r(C/^+^s,s,;p,g) l[l[riU''^^sf,p,q), (12.42) 

J=0 L=0 l<i<j<2Nf J=0 j=l 

where U = (pq) k+i and the balancing condition reads if3^^f-^^+'^Y[^^( Sj = (pq)'^^ ■ The 
conjectural equality Ie — Im is our last new elliptic beta integral for classical root systems. 



13. Exceptional Go group 



G2 with 5 flavors. This s-confining duality was discussed in [33, 60]. The electric theory 
with the gauge group G2 and its magnetic dual are described in the table below 





G2 


SU{5) 


U{1)r 


Q 


7 


f 


2r = i 


Q' 




Ts 


■2 

5 


Q' 




Ta 


3 
5 


Q' 




f 


4 
5 



The superconformal indices are 



)oo 



223 



m=l 



T2 



Ui<i<k<3'^{4^4^;p, q) 



n 



, 27ri2;,- 
1 



(13.1) 



where Z1Z2Z3 = 1, \tm\ < 1, and 



n 



n 

l<l<m<5 



^{titm;p,q) 
r{{pqy/Hitm;p,q) 



[13.2) 



1/2 



with the balancing condition nm=i ~ iP^) 

The conjecture Ie = Im describes the first elliptic beta integral for exceptional root sys- 
tems (it was mentioned in [91] and proposed also earlier by M. Ito). Substituting ^5 = 
(pg)^/^/(tit2^3^4) in (13.1) and (13.2), and taking the limit p — >■ 0, one obtains the four pa- 
rameter g-beta integral on the G2 root system derived in [36]. 

G2 with 5 < Nf < 12 flavors. This duality was discovered by Pouliot in [61]. The electric 
theory has gauge group 6*2, but its magnetic dual has SU{Nf — 3) gauge group. Their field 
content is presented in the tables below. 

The electric theory (the vector superfield V is omitted): 





G2 


SU{Nf) 




Q 


7 


f 


2r = l-^ 



and the magnetic theory (the vector superfield V is omitted) : 
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SU{Nf - 3) 


SU{Nf) 


Q 


/ 


f 


Qo 


/ 


1 


s 


Ts 


1 


M 


1 


Ts 



R 



2r„ 



2r, 



1 - 



-3' 



10 



= N. 



N 



2r 



M 



/-3 

2- ^ 



Corresponding superconformal indices are described by the integrals 



where 2:1 2:2-23 
Im — 



223 

1, and 



m=l 



3 

k=l 



T2 n 



i<i<fc<3 



n 



Nf 



(N, - 3)! 
/ 



. n 

l<j<fc<Af/-3 



J] r(t,iit;p,g) J]r(t5;p,g) 

l<j<k<Nf j=l 



:i3.3) 



(13.4) 



/- 



AT, 



27ri2;,- ' 
=1 ^ 



j=i fe=i j= 

where Hj^i ^ -Zj = 1, and the balancing condition reads 11^=1 *m — The equality 

Ie = Im represents a new symmetry transformation formula for general elliptic hypcrgcometric 
integrals on the G2 root system. Independently, it was also considered earlier by F. A. Dolan. 
For Nf = 5 the integral Im takes the form 

j^^ {p;pUq;qU j-j r{t,t,;p,q)flTitf,p,q) (13.5) 

l<j<k<5 



X 



r({pqy/'zf;p, q) RLi r((pg) V^-^zf q) dz 



n r(2;±2;p,g) 27ri2;' 

Using the univariate elliptic beta integral, one can compute this Im and find the index 
coinciding with (13.2). As to the general G2-transformation Ie = Im, it should be a consequence 
of the original 5't/(3)-gauge group Seiberg duality. Indeed, let us take N = 3 and set = 
in the electric index (4.6). Then, if we impose the constraint s^^ = pq, we obtain the G2-group 
electric index (13.3) with Nf and ti replaced hy Nf — 1 and Sj, respectively. Therefore it is 
expected that the G2-magnetic index can be obtained after appropriate restrictions on Im in 
(4.7). A difficulty lies in computing the limit s^^ ^ pq, since it leads to a diverging integral 
multiplied by a vanishing coefficient. This limit is currently under investigation. 

14. 't Hooft anomaly matching conditions 

In this section we describe the standard 't Hooft anomaly matching conditions [40, 97] for 
some of the new dualities. Needed Casimir operators for unitary and symplcctic groups can be 
found in Appendix C. There exist also the discrete anomalies matching conditions [14], but we 
skipped their consideration in the present work. 

Multiple SP{2N) duality. Let us begin with the multiple duality for SP{2N) gauge group 
found in [91] and discussed in Sect. 6. Coincidence of the anomalies is checked for the smaller 



ELLIPTIC HYPERGEOMETRY OF SUPERSYMMETRIC DUALITIES 



57 



flavor groups of dual theories. The subgroup 5'C/(4) x 5'C/(4) x U{1)b x U{1) x U{1)r of the 
electric theory has the following triangle anomaly coefficients: 



SU{4:)1 2N, SU{A)l X U{1)r -2N^ + 1 

SU{A)lxU(l) , SU{4)IxU{1)b 2N 

C/(l)|xC/(l) -AN{N-1), C/(l)| X (14.1) 



u{iy X u{i)b 0, u{iy x u{i) 



R 



2 

U{1)r -{2N^ + 7N + 1), U{1)% -{2N^ + N+1). 

We have verified that all three dual magnetic theories have the same anomaly coefficients. 
Also it is easy to check that the real anomaly is equal to zero in the electric and magnetic 
theories. Exphcitly, for the electric theory one has: 2A'" + 2 — ^8 — (2A^ — 2) = 0. 

SP O SP groups duality. Here we discuss the duality of Sect. 7. In the electric theory, 
anomaly coefficients for SU{4) x SP{2h) x SP{2l2) x ... x SP{21k) x U{1) x ^7(1)^ global 
symmetry group have the values 

SU{Af -2M, SU{4:fxU{l) -^M{M-N-2) 

SP{2Uf X U{1) -Mm, SU{Af X U{1)r - 2M 

SP(2kfxU{l)R 0, U{1)r 1-6M 

U{l)l 1 ~ 6Af 

U{lfxU{l)R ^{-M^ + 2NM^ - MN^ -4MN -2M + 2) (14.2) 

coinciding with the coefficients in the magnetic theory. Computation of the real gauge anomaly 
coefficient yields: -4 - (2M - 2) + 2M + 2 = 0. 

Multiple SU{2N) duality. The electric theory of Sect. 8 has the following anomaly 
coefficients for 5'C/(4) x 5'C/(4) x U{l)i x U{1)2 x U{1)b x U{1)r global symmetry group: 



SU{4:f 


2N, 


SU{4:f X [7(l)i 





SU{4f X U{1)b 


2N, 


5[7(4)2 X [7(1)2 


AN{N - 1) 


SUiAf X U{1)r 


-N, 


[7(1)2 X U{1)b 





U{1)1 X [7(1)2 


-SN{2N -1), 


[7(1)2 X U{1)r 


- 2iV(2A^ - 1) 


[7(1)1 X U{1), 


0, 


[7(1)1 X [7(1)2 


32N{2N - 1) 


[7(1)1 X U{1)r 


-8N, 


[7(1)2 X [7(l)i 





[7(1)2 X U{1)b 


0, 


[7(1)2 X [7(1)« 


-32iV(iV- 1)2 


U{1)r 


-SN + iN^ - 1, 


^(1)1 


- 27V + 4Ar2 _ 1 



which coincide with the anomaly coefficients in all three dual magnetic theories. Calculation 
of the real gauge anomaly yields: -|8 - 2(2A^ - 2) + 4A^ = 0. 
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New confining duality. The electric theory of Sect. 12.1.14 has the following anomaly 
coefficients for SP{2N) x SU{N + 3) x C/(l)i x U{1)2 x U{1)r global symmetry group 

SU{N + 3f N + 1, U{1)1 -1{N + 2)(N + 3) 



2 

{N+l){N + 3) 



SU{N + 3)^ xU{1)r -{N + 1), SP{2NfxU{l) 

SU{N + 3fxU(l) iV + 1, 

U{lf X U{1)r ~{N + lf{N + 2)(iV + 3) 

U{1)r -^(iV + 2)(7V + 3), SP{2NfxU{l)R (14.4) 

and the same picture holds for the magnetic partner. Calculation of the real gauge anomaly 
yields: -{N + 3) - {N - 1) + 2{N + I) = 0. 

SU ■<->■ SP groups duality. The anomaly matching for the common global group SU {N + 
3) X SU{N + 3) X U{1)b X U{1)r of the duality described in Sect. 11.1 is checked and yields: 

^3 o..... , o^2 ...... ^ {N + if 



SU{N + 3)i N+1, SU{N + 3)ixU{l)R 



N + 3 

SU{N + 3)1 xU{1)b 2{N + 1), U{1)IxU{1)r -8{N + lf 

SU -H- SU groups duality. Here we consider the dualities of Sect. 11.2. The anomaly 
matching is checked for the global group SU{K)l x SU{N + 3- K)l x C/(1)i x SU{K)r x 
SU{N + 3-K)rX U{1)2 X U{1)b x U{1)r yielding 

SU{K)l N+1, SU{K)IxU{1)r + 



A^ + 3 

SU{K)IxU{1)b {N + 1), SU{K)lxU{l)i {N + l){N + 3-K) 

C/(1)| X C/(1)i 0, U{1)IxU{1)r -2(7V + 1)2 

U{l)jxU{l)B {N + l){N + 3)K{N + 3-K) 

U(1)IxU(1)r -(N + 1)^K(N + 3- K) (14.6) 



U{1)r -{N^ + 2N + 2) U{1) 



3 N"^ - 9Ar2 _ iQjy ^ 2 

^ (AT + 3)2 • 



Computation of the real gauge anomaly yields: —2{N + 1) + 2{N + 1) = 0. 

Comparing the 't Hooft anomaly matching conditions for all dualities described in this pa- 
per and the analysis of total ellipticity of the elliptic hypergeometric terms lying behind the 
equalities of superconformal indices, we come to the following conjecture. 

Conjecture. The condition of total ellipticity for an elliptic hypergeometric term is necessary 
and sufficient for validity of the 't Hooft anomaly matching conditions for dual superconformal 
field theories whose superconformal indices are determined by this term. 



For proving this hypothesis it is necessary to use the formal mathematical definition of 
anomalies as cocycles of the gauge groups (see, e.g., [71]). For dual theories we have two, in 
general different, gauge groups. Therefore the anomaly matching condition looks like an equality 
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of Chern classes of dual theories, and the conditions of total ellipticity — as a condition of 
vanishing of the combined Chern classes. This problem deserves a separate detailed discussion. 

15. Conclusion 

To summarize our results, on the mathematical side we have conjectured many new symmetry 
transformations for elliptic hypergeometric integrals or exact evaluation formulas. On the 
physical side, we have found many new Seiberg dualities. Sections 6, 7, 8, and 11 contain new 
electric-magnetic dualities for A/" = 1 SYM theories based on unitary and symplectic gauge 
groups with specific matter content. Sections 12.1.14 and 12.3.3 contain new examples of 
^-confining theories derived from known identities for elliptic hypergeometric integrals. 

It should be clear that this paper does not contain a description of all known dual superconfor- 
mal field theories. We have limited ourselves only to simple gauge groups G = SU{N), SP{2N), 
and G2. First, there are other simple groups G = SO{N), F^, Eq, Ei, Eg consideration of which 
we have skipped. The situation with the dualities for the exceptional groups [22, 48, 70] is 
not clear in general (except of the G2-cases described above) due to the complexity of the 
invariants of these groups [11, 63]. There are very many dualities involving orthogonal groups 
SO{N). Originally we hoped to tackle them as well, but their amount is very big, and it was 
decided to consider them separately. It is known that many group-theoretical objects for the 
SO{N) groups can be obtained as reductions of the 5'P(2iV)-group constructions. Some of such 
reductions were considered by Dolan and Osborn at the level of superconformal indices [26]. 
However, there are many dualities that they did not analyze. Many elliptic hypergeometric 
integrals for the (i.e., S0{2N + 1) groups) and (i.e., S0{2N) groups) root systems 
can be obtained by special restriction of the i?CAr-integrals (cf. the forms of the correspond- 
ing invariant measures given in Appendix B). However, it is not clear at the moment whether 
superconformal indices of all known S'0(A^)-group theories and their duals can be obtained in 
this way. There are also other types of reduction of the indices and dualities, e.g., those leading 
to dualities outside the conformal windows [92]. 

Second, we have deliberately skipped consideration of the superconformal indices for extended 
M > 1 supersymmetric field theories [6, 49]. The best known examples correspond to the 
Seiberg- Witten J\f — 2 theories [77, 78] . Consider the following electric and magnetic theories 
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As discussed by Intriligator and Seiberg [44, 45, 46] (see also [32]), the SO {3) Seiberg duality 
electric model becomes the SU (2) group J\f — A super- Yang-Mills theory in the infrared region 
after introducing the tree level superpotential Wtree oa det Q. Superconformal indices have the 
form 



(p;p)oo(g;g)c 



JlT{{pqy/'sj;p,q) 
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By a change of integration variables yi = ^Jz\Z2^ 1/2 = \fz^Jz2 in ^m-, one of the integrations can 
be taken explicitly with the help of univariate elliptic beta integral, which shows that (15.2) is 
equal to (15.1). This equality can be obtained as a reduction of the BCAr-relations as well [26]. 
We suppose therefore that it is necessary to consider first all possible S'P(2iV)-group identities 
for integrals and then try to reduce them to the relations for superconformal indices of extended 
supersymmetric dual theories with SO{N) gauge groups. 

Third, we skipped the quiver gauge group cases, when there is more than one simple gauge 
group (which corresponds also to the deconfinement phenomenon [5]). Is is expected that equal- 
ities of the superconformal indices for them are mere consequences of the so-called Bailey-type 
chains (forming a tree) of symmetry transformations for integrals discovered by the first author 
in [84] and extended in [93] to root systems. Within this context, the duality transformation 
acquires a simple meaning of the integral transform whose properties resemble the classical 
Fourier transformation, see [93]. 

Let us list some other possible applications of our results. Counting of the gauge invariant 
operators for a number of supersymmetric gauge theories was considered in detail in [34, 39]. 
It is not difficult to see that the corresponding generating functions are obtained from our 
superconformal indices by taking the limits p, g — )■ 0. To take the simplest possible limit p — )■ 
one needs first to get rid of the balancing conditions by multiplying a number of parameters 
by integer powers of p and applying the reflection formula for the elliptic gamma function, see 
[89]. However, in the present work we have a much larger list of theories where this gauge 
invariant operators counting technique is applicable (in particular, this concerns the theories 
described in Sects. 7, 8, 9.2-9.6, 10.2-10.4, 11-13). The limit p ^ in all these theories leads to 
g-hypergeometric functions, the meaning of which is not clarifled yet from the superconformal 
index point of view. The subsequent limit 5 — > can be replaced by 5 — > 1 yielding the plain 
hypergeometric functions, which also should have thus some topological meaning in gauge field 
theories. Similar clarification is needed for the situations when the elliptic hypergeometric 
integrals are reduced to terminating elliptic hypergeometric series by some special choices of 
the parameters, or for the relations between integrals with different powers of p and q. 

In [83, 88], the first author has constructed univariate biorthognal functions associated with 
the elliptic beta integral. Naturally, it was conjectured there that some multivariable biorthog- 
onal functions exist for all known elliptic beta integrals (which serve as the orthogonality 
measures). The first family of such functions was constructed by Rains in [65, 66]. As a con- 
sequence of our work, the expected number of similar families of multivariable biorthogonal 
functions has now increased essentially. 

In [85, 87], it was shown that some of the BC^ elliptic hypergeometric integrals can be 
associated with the relativistic Calogero-Sutherland type models. It was conjectured there 
that other models of such type can be built out of all other existing eUiptic beta integrals 
and their appropriate generalizations. Because we have now the interpretation of the elliptic 
hypergeometric integrals as superconformal indices of supersymmetric field theories, we come to 
the natural conjecture that behind each J\f = 1 superconformal field theory there is a Calogero- 
Sutherland type model for which these integrals serve either as the topological indices or the 
wave functions normalizations, respectively. We would like to mention in this context the known 
appearance of the usual elliptic Calogero-Sutherland models within the J\f — 2 Seiberg-Witten 
theories [59]. 

The group-theoretical interpretation of the elliptic hypergeometric integrals discussed in [73, 
26, 91] and the present paper opens possibilities for general structural theorems on the integrals 
themselves. It may play a key role in the classification of such integrals on root systems. In 
particular, it naturally leads to the conjecture that there exist infinitely (countably) many 
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dualities and related elliptic hypergeometric integral identities. All the problems mentioned 
above deserve detailed investigation either in relation to supersymmctric dualities or on plain 
mathematical grounds. As to the proofs of many new hypergeometric identities conjectured in 
this paper, we refer to known methods described in [19, 20, 65, 69, 81, 83, 84, 93] (or indicated 
above in some cases) which are available for their treatment. We plan to consider them case 
by case depending on their tractability. 
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Appendix A. Characters of representations of classical groups 

Here wc present general results for characters of the Lie group representations used in the 
paper. For the SU{N) group representations, the characters, depending on a; = [xi, . . . ,Xn) 
subject to the constraint Y[i= 

the well known Schur polynomials 



det 




det 


N-j' 





Sx{x) = S(Ai,...,A^)(x) = r ^_ n , (A.l) 

det 

where A is the partition ordered so that Ai > A2 > . . . > Xn- They obey the property 
•S(Ai,...,Ajv)(^) = "S(Ai+c,...,Ajv+c)(^)) where c e Z. Therefore one can assume that Aat = without 
loss of generality. 

Let us list explicitly the simplest characters. The fundamental and antifundamental repre- 
sentations: 

TV 

XSU{N),f{^) = S^i,o,...,0){x) = J^Xi, XSU{N)J = S(i,...,i,o)(x) = XSU{N),f{^~^)- 



1=1 



The adjoint representation: 

XSU{N),adji^) = S(2,l,...,l,0)(a^) = XI ^i^7^-l- 

l<i,j<TV 

The absolutely anti-symmetric tensor representation of rank two: 

Xsu(n),Ta{x) = S(i,i,o,...,o)(a^) = XiXj, Xsu(n),Ta = Xsu{n),Ta{x'^)- 

l<i<j<N 
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The symmetric representation: 

N 

XSU{N),Ts{x) = S^2,0,...,0){^) = J2 + XsU{N),Tsi^) = XSU{N),Ts{x~^) ■ 

l<i<j<N i=l 

The absolutely anti-symmetric tensor representation of rank three: 

XSUiN),T3Ai^) = ■S(l,l,l,o,...,0)(a;) = XiXjXk. 

l<i<j<k<N 

The absolutely symmetric tensor representation of rank three: 

N N 
l<i<j<k<N ij=l,i^j i=l 

In the mixed case, we have 

N 

XSU{N),Tas{^) = S(2,l,0,...,0)(2^) = 2 Y XiXjXk+ ^i^J- 

l<i<j<k<N ij=l-i^j 

The Weyl characters for SP{2N) group are given by the determinant 



S( 



det 


- Xj+N-j+l Xj-N+j-1 
Xi -^i 


det 







\xu...,^n)(x) = ^^-^1 — ' (^-2) 



with Ai > A2 > . . . > Ajv > 0. For the fundamental and antifundamental representations 

AT 

XSP{2N),f{x) ^ XsP{2N)j{x) = S^1,0,...,0){^) = Xl^^^ + ^i"^)' 

i=l 

For the adjoint representation 

XSP{2N),adj{x) = 5(2,0,.. .,0)(a^) 

N 

= 'Y {xiXj + XiXj^ + x:[^Xj + x:[^xj^) + 'Yi^i + ^i'^) + ^■ 

l<i<j<N i=l 

For the absolutely anti-symmetric representation 

Xsp{2N),tAx) = S(i,i,o,...,o)(a;) = Y ^^'^^ + ^'^J^ + ^i^^^ + ^i^^j^) + N -1. 

l<i<j<N 

As to the exceptional group G2, its fundamental representation has the character 

3 

i=l 

where ziZ2Zs — 1. The character for the adjoint representation of G2 group is 

X(^l, Z2, Za) = 2 + Y i^i^J + ^i^^j + ^i^J^ + ^i^^J^) ■ 
l<i<j<3 
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Appendix B. Invariant matrix group measures 

Here we describe the invariant measures for integrals over classical Lie groups and the excep- 
tional group G2- Such a measure for the unitary group SU{N) with any symmetric function 
/(z), where z — (zi, . . . , zj^)^ 11^=1 -^j — 1; form 

p -| p N-l , 

/ f{z)dn{z) = - / A{z)A{z-')f{z) n (B.l) 
where A{z) is the Vandermonde determinant 

l<i<j<N 

The invariant measure for the symplectic group SP{2N) with any symmetric function f{z), z = 
{zi, . . . , zn), has the form 

JSP{2N) Z'^'Nl Jr^N j-J^ jJi^^^^j 

For the invariant measures over the orthogonal group SO{N) and any symmetric function 
f{z), z — {zi, . . . , Zn), one has to distinguish the cases of odd and even N: 

/ /(^)M^) = / A(. + .-^)V(.)n^, (B.3) 

JS0{2N) ^ 'JyUTN J=i^^^^3 

and 

The invariant measure for the exceptional group G2 and any symmetric function f{z), z — 
{zi,Z2,zs), where Z1Z2Z3 — 1, has the form 

i / - i I A(. + n (B.5) 

Appendix C. Relevant Casimir operators 

Commutators of the generators T"-, a = l,...,dim G, of some classical Lie group G are 
defined with the help of structure constants f"''^'^ 

[T",T^] = tf^'^T'. (C.l) 

It is straightforward to obtain the Casimir operators [97] 

Erarmi = ^^2(r)c, Y.(TrWrZ = ^(r)5»^ (c.2) 

a,l n,m 

where r is some irreducible representation. These Casimir operators and the dimension of the 
representation d{r) are connected through the adjoint representation adj, 

d(r)C2(r) = c^(adj)T(r). (C.3) 

For checking the 't Hooft anomaly matching conditions we need the triple Casimir operator 
which comes from the trace 

j^abc ^ (c.4) 



64 



V. P. SPIRIDONOV AND G. S. VARTANOV 



Then it is convenient to define the operator A{r) relative to the fundamental representation 

A^^^r) = A(r)A»^^ (C.5) 



where A"'^ = rr[T^{r|,, TJ,}] and Tp are the generators in the fundamental representation. 

In the tables below we give the dimensions d{r), the Casimir operators 2T(r), and A{r) for 
the unitary group and the dimensions d{r), the Casimir operators T(r) for symplectic and G2 
groups. Note that in the verification of the anomaly matchings for unitary groups we use 2T(r). 
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SP{2N) group: 
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Appendix D. Total ellipticity for the KS duality indices 

In order to illustrate the work hidden behind our conjectures, we briefly describe in this 
Appendix veriflcation of the total ellipticity for the transformation identity for elliptic hyper- 
geometric integrals associated with the Kutasov-Schwimmer duality from Sect. 9.1. 

K 

First, we change the integration variables z in (9.3) to ^ = U {ST) ^wy and assume that 
the contours of integration in y- variables can be deformed back to T without crossing the poles. 
Then the equahty of integrals (9.2) and (9.3) is rewritten in the following form 



kn / AB(^,t,s) TT — ^ = / Auiv, t,s) TT 



dyj 

27riyj 



(D.l) 



where = KNf - N and 
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with U = {pq) . The kernels of the elliptic hyper geometric integrals are 

^E{z,t,s)= I I \ _^ ^ I I I I r(si2:j-,ti z- ■,p,q), (D.2) 

i<i<7<N ,z, zj;p,q) 

A ^ . ^ TT TT ruTi-i +-i ^ TT ^iUy^yJ\Uy^'yfP.(l) 
^M{y,t,s)^[[[[r{u s,t^ ■,p,q) [[ . ii 1 . 

i=ii,3=i i<i<j<N ^^'^^ '^^ yj^p^Q) 

Nf N 

xIlIl^i^7'yj^U%yj'-p,q), 

i=l j=l 

where UtiZi = 1, Utiyt = t/^+^^(pg)-5^^^-S^, and U^^ST-^ = {pq^i. 
Theorem 5. The function 



is a totally elliptic hypergeometric term. 

EUipticity of the ^-variables ^'-certificates. As described in Sect. 2, we should consider 
the ratios 

,2/ . \ P{z,y,t, s)\2^^qza,ZN-+q~^ZN /T-> o\ 

= " p{z,y,t,s) ^^-'^ 

_ ^ e{UzaZj'^,UzjZ^^, q-^z-^Zj, q-^z~^ZN;p) 
jJlj^^ ^(Uq-'^z-^Zj, Uq~^z-^ZN, Zazr\ Zjz^^f^^p) 

9{UqZaZ]^\UzaZ^^,q-'^z-^ZN,q~'^z-^ZN;p) ^ 9{siZa;p) 9{tr^z^^;p) 



X 



e{Uq-^z-^ZN,Uq-'^z-^ZN,qZaZj^^,ZaZj^^;p) f \ 9{q ^SiZN]p) 9{q-% ^z-^;py 



n 



where a — 1, ... , N — 1, and check that these are totally elliptic functions. Indeed, hl{z, y, t, s, q) 
functions are automatically invariant under the transformations 1) Sf, — )■ psj,, s^v^ — )■ p~^si\i^., 2) 
tb — )> ptij,tjq^ — )> p^Hjy^, 3) yb — > pyb^y^ ~^ P^^yjv- Whereas the invariance with respect to the 
substitutions 4) Zc pZc, z^ P~^Z]si for c 7^ a or 5) Za pZa, zn — )■ p^^z^ uses the balancing 
condition. Similarly, one checks the invariance with respect to the mixed transformations 

Sb PSb: tc ptc and y^ p^ya- 

The most complicated part of the work consists in establishing ellipticity in the variable q. 
The difficulty comes from the presence of fractional powers of q entering (D.3) through the 
variable U . Because of that one should scale q by such a power of p that there will be a match 
with the period of the elliptic functions hl{z,y,t, s, q). Simultaneously, we should preserve the 
balancing condition and all other constraints on the parameters we have. This is reached by 
the following transformation of the parameters 

6) g^p^+^g, t-^]^p^^^'^^f-'^t-^], ^~ ^ (D.4) 

which leads to U ^ pU, as required. It is a matter of a neat computation (at the intermediate 
steps there appears a very cumbersome expression) to show that hl{z,y,t,s,q) do not change 
under these substitutions. 
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EUipticity of the ^/-variables g-certificates. Now we consider the ratios 

KU, y, t, s, q) = ^ p.5 

p{z,y,t,s) 

jJij^^ 0{Uyayj\Uyjy-~\ q-^y-%, q-%^yN;p) 

0(Uq-'y-^y^,Uq-''y-^y^,qyay~\yay~\p) ^ d{q-h-^yf^-p) e{U^q-Hiy-\p) 



X 



&{Uqyayj^,Uyay^^,q '^ya^yN^q ^ya^ymP)^i ^{^i^ya^p) 0{UHiy^;p) 



where a = l,...,iV— 1. Again, these are the totally elliptic functions. They are automatically 
invariant under the transformations 1) si, psb,SNf P~^SNf, 2) tb ptb,tNf — ^ P~^tNf, 3) 
Zb — >■ pzb,ZN — >■ P~^zn- The invariance with respect to the substitutions 4) yb — )■ pybjy^ ~^ 
P~^yNi b ^ a, or 5) ya — ?■ pya-,yfq P~^yN '^^^^ the balancing condition. The most difficult 
part is the verification of the invariance with respect to the transformations 

6) q^p^^\ u^pu, y^^p™-^^^(^+^)/V 

EUipticity of the ^-parameters gr-certificates. Now we need to investigate the functions 

, p{z,y,t,s)\t^^qta,tNf^q-^tNf 
KU,y,t,s_,q) = - ^^^^y^,J (D.6) 

_fr^ 0iU'-'q-'s..t-\p) {r Oit-^]z-';p) f. e{U\-H^^.yr^;p) 
e{U^-^s,t],];p) f},9{q-H-%\p)l\ e(UHayj\p) ' 

where a = 1, . . . , Nf — 1, and show that they are totally elliptic. Again, invariance under 1) i/6 — >■ 
pyb, yj^ — )■ P~^yj^, 2) Sb — > psb, —> P'^sn^., and 3) Zb — ?> pzb, Zn P~^Zn transformations is 
automatic. The balancing condition is needed for symmetries 4) tc ptc, tjVj. p~HNf, c a, 
and 5) ta pta,tNf — ^ P^^tNj Computations during the verification of invariance under the 
transformations 

6) g^p^+^g, U^pU^ t^J-i ^ P^^+^^^^-'^J-i, yfi ^ P™~''^''^''^'^"yfi 

are very lengthy and require a lot of attention to reach the needed statement. Consideration 
of the s-parameters certificates is equivalent to the ^-variables case because of the symmetries 
of the initial integral kernels. 
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